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Abstract. Accurate assessment of tension stiffening is important for predicting deflection and crack width in RC struc-
tures. Earlier studies by the authors have shown that an extended cover thickness increases tension stiffening in bend-
ing RC members. The current study experimentally and theoretically investigates curvature and tension stiffening in RC
beams nominally having a 50 mm cover for 32 mm bars of tensile reinforcement. The four-point bending tests were car-
ried out on square section (400x400 mm) RC beams. Mean experimental curvatures were obtained for the pure bending
zone by different approaches, namely, from a mid-point deflection and from strains at several horizontal layers measured
either by LVDT or DIC technique. The tension stiffening effect in the test beams was quantified by inversely calculat-
ing the resultant internal force of tensile concrete, N, using the test moment — curvature diagrams. Tension stiffening
is characterized by parameter g indicating the ratio of By = M / M., at which the force N, reaches zero. The condition
N, = 0 represents the bending stiffness of a fully cracked RC section. Earlier studies by the authors have shown that
parameter By equals to 3 for the beams with a typical cover thickness (25-35 mm). The current study has demonstrated
that for the beams having nominal cover thickness of 50 mm and bar diameter of 32 mm, parameter B, reached rather
high values indicating a little degradation of tension stiffening with increasing load.
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1. Introduction

The phenomenon of tension stiffening is critical in rein-
forced concrete (RC) structures (Lee, 2022; Pulatsu et al.,
2021), as it significantly influences the serviceability and
durability (Ng et al., 2020; Pulatsu et al.,, 2021) by affect-
ing deflections and crack widths (Sakalauskas & Kaklaus-
kas, 2023) under loading. Tension stiffening refers to the
contribution of concrete in tension between cracks, which
interacts with the embedded reinforcement to enhance
the stiffness of RC members. This interaction is crucial
in controlling crack development and propagation, thus
maintaining the structural integrity and aesthetic appear-
ance of concrete structures (Aryanto & Winata, 2021; Daud
et al.,, 2021).

Numerous models were suggested to deal with tension
stiffening. These models can be divided into four main
groups:

1) Simplified semi-empirical models that incorporate
tension stiffening via the effective geometrical
characteristics. The code deflection models be-
long to this group (American Concrete Institute
[ACI], 2019; European Committee for Standardiza-
tion [CEN], 2023). The simplified models always use
the plane section assumption. They generally use
the geometrical characteristics of non-cracked and
fully cracked RC section (Bischoff, 2005; Scanlon &
Bischoff, 2008).
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2) Tension stiffening models expressed via average
stress — average strain law for cracked tensile con-
crete (Kaklauskas & Ghaboussi, 2001).

3) Tension stiffening models expressed via average
stress — average strain law attributed to the tensile
reinforcement. The approach was first proposed by
Gilbert and Warner (1978) and further developed by
Kaklauskas et al. (2011), Torres et al. (2015), Kaklaus-
kas and Gribniak (2016).

4) Models based on the stress transfer approach (Lack-
ner & Mang, 2003; Wu & Gilbert, 2009; Kaklauskas
et al,, 2012).

Quantifying the tension stiffening effect is a highly
complex issue. While deriving tension stiffening laws
based on the above approaches 2) and 3) is straight-
forward for tensile RC members, this is not the case for
bending members. Kaklauskas and Ghaboussi (2001) pro-
posed an inverse approach for deriving tension stiffening
stress-strain relations for cracked tensile concrete based
on the experimental moment — curvature response of RC
bending members. This approach was further developed
by Kaklauskas (2004), Torres et al. (2004), and Kaklauskas
and Gribniak (2011). The latter study took into account
the shrinkage effect on tension stiffening. Similar inverse
constitutive modelling techniques were developed using
the tension stiffening approach attributed to reinforce-
ment (Kaklauskas et al., 2011; Torres et al., 2015; Kaklaus-
kas & Gribniak, 2016). These approaches were further
developed for deflection of RC members (Kaklauskas &
Sokolov, 2021).

The above inverse techniques rely on accurate test
data of RC members. New technologies, like Distributed
Optical Fiber Sensors (DOFS) (Bado & Casas, 2021; Bado
et al, 2021a, 2021b, 2022; Berrocal et al.,, 2021) and Digi-
tal Image Correlation (DIC) open up new prospects in
acquiring highly accurate results in recording strain and
displacement. Besides the traditional strain measuring
techniques, the present research employs Digital Image
Correlation (DIC), an advanced, cost-effective, and non-
contact optical method for assessing displacement and
strain. This technique operates by analyzing digital images
of a component or specimen captured at various deforma-
tion stages. The device measures the displacement of the
surface and creates strain maps and 2D and 3D deforma-
tion vector fields by tracking blocks of pixels in a compli-
cated stochastic pattern. To determine the displacements
and deformations, DIC compares the recorded values be-
tween the deformed and un-deformed pictures using a
correlation method.

Previous research has demonstrated that various pa-
rameters, such as the thickness of the concrete cover and
the diameter of the reinforcement bars, significantly im-
pact the tension stiffening effect (Gribniak et al., 2016;
Martin et al., 2020; Ng et al., 2020; Kumar et al., 2019). For
instance, studies have indicated that an increased cover
thickness can enhance tension stiffening, thereby improv-
ing the performance of RC members in bending (Fantilli

et al, 2021; Hung et al,, 2019). Recent advancements in
the field of fiber-reinforced concrete (FRC) have opened
new avenues for enhancing the tension stiffening effect
(Daud et al., 2021). FRC incorporates fibrous materials
such as steel, glass, synthetic, or natural fibers, which are
distributed throughout the concrete matrix. These fibers
bridge cracks and provide additional tensile strength and
stiffness, reducing the dependency on conventional steel
reinforcement. The synergy between fibers and traditional
reinforcement can lead to significant improvements in the
performance of concrete structures (Teng et al., 2022), es-
pecially under flexural and tensile loads (Kaklauskas et al.,
2024; Lee, 2022).

This study aims to expand the current understanding
of tension stiffening by experimentally and theoretically
examining RC beams with specific reinforcement configu-
rations. By focusing on beams with a 50 mm cover for
32 mm bars of tensile reinforcement, the research seeks
to quantify the tension stiffening effect through detailed
four-point bending tests. The results will be analyzed us-
ing inverse calculation methods to determine the internal
tensile concrete forces, providing insights into the curva-
ture and tension stiffening behavior of the tested beams.
In addition to the experimental approach, this study will
incorporate advanced techniques such as Digital Image
Correlation (DIC) and Linear Variable Differential Trans-
formers (LVDTs) to measure strains and curvatures accu-
rately. These methods will help validate the experimental
findings and ensure the reliability of the tension stiffening
models developed.

2. Test program
2.1. Description of beam specimens

Two nominally identical concrete beams, named as B1 and
B2, were reinforced with 32 mm bars. The beams of square
section (400x400 mm) were tested under a four-point
bending scheme. The beams were 1.7 m long (1.6 m in
span) with a 0.6 m pure bending zone and two shear
zones, each 0.5 m long. Both the tensile zone and the
compression zone were reinforced with two 32 mm bars
each. The shear zone was reinforced with 10 mm steel
stirrups spaced at 30 mm. The pure bending zone had no
shear reinforcement to exclude the effect of stirrups on
cracking. Main geometrical and material characteristics of
the beams are presented in Figure 1 and Table 1. Due to
some differences in section height, h, and effective depth,
d, cover, ¢, for the tensile reinforcement also slightly dif-
fered, being 52 mm and 50 mm for beams B1 and B2,
respectively.

Table 1. Main characteristics of RC specimens

h, b, d | dg [ Ag | A | P

Specimen
P mm [ mm [ mm [ mm | mm [mm2|mm2| %

B1 402 | 401 | 334 | 78 52 | 1608|1608 | 1.19
B2 405 | 424 | 339 | 81 50 | 1608|1608 | 1.12
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Figure 1. Four-point bending tests of RC beams

2.2. Materials

Both beams were produced the same day from the same
concrete mix. The components of concrete mix are given
in Table 2. Water-cement ratio was 0.5. The experimental
beams were cast using timber formworks and were un-
moulded 3 days after casting. The specimens were cured
at an average relative humidity (RH) of 73% and a tem-
perature of 20 °C. The beams were tested at 150 days
after casting. Concrete compressive strength was defined
from standard cylinder (@150x300) mm tests at 28 days
after the casting and at the time of testing. The tensile
strength of concrete was determined from the flexural
test of concrete prisms of 100x100x400 mm dimensions.
Main mechanical test characteristics of concrete are given
in Table 3 along with the modulus of elasticity, £, assessed
by CEB-FIP (2020). The uniaxial tests were performed on
the steel bars of diameters 32 mm and 10 mm. Table 4
gives modulus of elasticity, £, and yield strength, f,, of
the flexural tensile reinforcement (32 mm bars). Testing of
a 32 mm bar is illustrated in Figure 2.

2.3. Test setup and instrumentation

The loading setup and instrumentation is depicted in Fig-
ure 3. The load was applied via a displacement-controlled
5000 kN servohydraulic testing machine with a loading
rate of 0.4 mm/min. A steel beam was used to distribute
the load from the servohydraulic cylinder to the beam.

a) b)

Table 2. Components of concrete mix [kg/m3]

Chemical composition Quantity
Ordinary Portland Cement (CEM | 42.5 N) 400
Water-cement ratio 0.5 200
Fine aggregate 0/4 mm 750
Crushed coarse aggregate 4/16 mm 1166

Table 3. Mechanical properties of steel bars

. Yield Ultimate | Modulus of elasticity
Diameter of .
steel bar (mm) stress stress of reinforcement
(MPa) (MPa) (MPa)
10 500 625 202855
32 520 656 198046
Table 4. Mechanical properties of concrete
Age Cylinder Modulus of elasticity Flexural
(days) |strength (MPa)| of concrete (MPa) | strength (MPa)
28 41.9 33820 6.01
150 49.2 35477 8.36

Deflections of the beams were measured at three points
(the mid-span and the points of load application) by linear
variable differential transformers (LVDT) placed under the
beams (see Figure 3). Three LVDT's were used at each of
the points. LVDT's were also used to measure average con-
crete surface strains within the length of the pure bending
zone (0.6 m). The LVDT's were placed on one side of the
beam at four equally spaced horizontal lines (two along
the centroid of the bottom and top reinforcement and
two in between). Every strain recording line consisted of
three LVDT's, each covering a 200 mm distance. The other
side of the beams (different from the one where the sur-
face strains were measured) was used to record cracks. The
crack pattern was marked during the tests. Crack width
was measured in two ways — using an electronic micro-
scope and the digital image correlation (DIC) technique.

<)

Figure 2. Testing of a steel bar: a — a surface shape; b — general view; c — stress—strain diagram of a 32 mm bar



Journal of Civil Engineering and Management, 2025, 31(2), 144-152

a) b)

147

<)

Figure 3. A general view of the test setup: a — DIC equipment; b — beam view; ¢ — surface strain measurement using LVDT

3. Test ultimate load, strains and curvatures

Beam B1 was tested until the ultimate bending moment
M, = 282 kNm was reached. Beam B2 was tested until M =
276 kNm, just before reaching the ultimate load. The test
was terminated to safeguard the measuring devices from
damage that may happen at failure of the beam.

Average concrete surface strains with increasing bend-
ing moment are shown in Figures 4a and 4b for beams
B1 and B2, respectively. These figures depict the mean
strains g;; recorded by every LVDT placed at four horizon-
tal lines (see Figure 3c). The subscript i (i = 1..4) of strain
g;; refers to the number of the horizontal line, whereas
the subscriptj (j = 1..3) indicates the number of a specific
LVDT within the horizontal line i. It is evident that index { =
1 represents the extreme compressive strains and index { =
4 refers to the mean concrete strains of the centroid of the
tensile reinforcement.

While in general the moment-strain diagrams shown in
Figures 4a and 4b are clustered in the groups represent-
ing a specific horizontal line i, there is some scatter in the
strains within the same line i, but having different number
J. This is in particular noticeable for the maximum tensile
strains that might be significantly affected by individual
cracks. The effect of cracks on the compressive strains is
less clear. The surface strain recordings obtained by each
of the LVDT were used to define the average curvature.
First, strains were averaged along each horizontal line. Sec-

a)

ond, the averaged strains were used to calculate curvature
by the formula:

=2y BEm Q)
6 k<m  Yim

k=1;2;3

where g, and €, are the averaged strains along lines k and
m, respectively; y; ., is the distance between lines k and m.

Curvature via Eqn (1) is expressed as the difference
of strains at two horizontal lines divided by the distance
between the respective lines, y; .. Eqn (1) calculates the
average of six possible combinations of pairing different
strain lines. To be specific, line 1 is paired with lines 2,
3 and 4, line 2 is paired with lines 3 and 4, and line 3 is
paired with line 4.

The moment-curvature diagrams obtained by Eqn (1)
are shown in red colour in Figures 5a and 5b for beams
B1 and B2, respectively. Figure 6 depicts these two figures
compared to each other and excellent agreement can be
noted. Figures 5a and 5b also show other moment—curva-
ture diagrams obtained by alternative approaches. Curva-
ture graphs shown in yellow colour were obtained from
a deflection within the pure bending zone under the as-
sumption of constant curvature within this zone. Two more
moment—curvature graphs were obtained using the DIC
technique and are described below:

1) The first DIC setup included two LAVISION VC-

IMAGE E-LITE 5M cameras with a 2456x2085 pixel

b)

Figure 4. Moment-strain diagrams recorded by LVDT placed along four horizontal lines within the pure bending zone:
a — beam B1; b — beam B2
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a)

b)

Figure 5. Moment—curvature diagrams for beams B1 and B2

Figure 6. Comparison of moment—curvature diagrams
for beams B1 and B2

resolution placed 0.5 m apart from each other and
3m away from the test beam. The camera operates
at 12.2 frames per second. To ensure quality of the
digital images, lighting ARRI equipment was used.
The longitudinal surface trains were obtained at
two levels (tensile and compressive reinforcement)
based on the displacement recordings along the
pure bending zone at three intervals 200 mm each.
The moment—curvature diagrams (see Figures 5a
and 5b) by this approach are shown in green colour.

2) The second DIC setup employed a CANON digi-

tal single-lens reflex camera with a resolution of
6000%4000 pixels. The settings of the camera were
as follows: exposure time = 1/200 s, aperture = f/4.5,
sensitivity to light = ISO 100, and focal length =
24 mm. Similarly to the above approach, strains
were obtained at two levels, namely, along the ten-
sile and compressive reinforcement. The difference
from the above was that the strain was obtained
from the displacement between the end points of
the pure bending zone being 600 mm apart, instead
of three distances 200 mm each. The moment—cur-
vature graphs by this approach are given in violet
colour (Figures 5a and 5b).

The moment—curvature diagrams calculated by the
four approaches in general well agree with each other. It
is rather difficult to judge which of the approaches is most
accurate. It could be guessed that the graph obtained
from the pure bending zone deflections is the least accu-

rate. This graph is the least smooth (has most scattering)
and has extended load intervals being most distant from
the other relations. The graphs obtained by DIC have a
good agreement with each other, particularly for beam B2,
when even the unloading parts are close. In terms of ac-
curacy, the winner could be the moment-curvature graph
obtained from the recordings of LVDT placed at four lev-
els. Another possibility of the most accurate experimental
graph could the averaged moment-curvature obtained by
several approaches but excluding the one obtained from
deflections.

4. Quantifying tension stiffening

Tension stiffening is investigated using an inverse tech-
nique proposed by the authors and other investigators
(Kaklauskas et al., 2011; Torres et al., 2015; Kaklauskas &
Gribniak, 2016; Kaklauskas & Sokolov, 2021). The method
considers a RC member subjected to bending as shown in
Figure 7. Plane section hypothesis implying linear strain
distribution (Figure 7b) is adopted. Elastic properties are
assumed for compressive concrete. Figure 7c shows the
internal forces of compressive concrete (N,), compressive
reinforcement (N,,), tensile reinforcement (N;) and ten-
sile concrete (N,). The latter represents concrete stresses
due to tension stiffening and tension softening effects. As
suggested by Gilbert and Warner (1978), the force N is
applied at the centroid of the tensile reinforcement (Fig-
ure 7¢).

The main idea of the method is calculating the resul-
tant force of tensile concrete from an experimental mo-
ment—curvature diagram. The governing equation of the
inverse technique has the following form (Kaklauskas et al.,
2024):

KEcyczb

2 ( _};C]+KEsc(d_dsc)(yc_dSC)ASC_M_O' )

where E_ is the concrete Young's modulus, E,. is the modu-
lus of elasticity of the top steel bars, d is the effective
depth to the tensile steel area, d,. is the effective depth to
the compressive reinforcement, b is the width of the cross
section and A is the area of the compressive reinforce-
ment.
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a) b) 9]

Figure 7. Strains, stresses and internal forces in the inverse
technique: a — an RC beam section; b — strain distribution;
¢ — stresses and internal forces

In Egn (2), bending moment, M, and curvature, k, are
taken from the experiment. Eqn (2) is a third order equa-
tion with the compressive depth, y,, being the only un-
known. After the above equation is solved and compres-
sive depth, y,, is defined, the internal force of tensile con-
crete can be calculated by Eqn (3) (Kaklauskas et al., 2024).
The resultant internal force can be then expressed from:

E y2b
N, =k| -2,

ct 2 Esc(yc_dsc)Asc_Es(d_yc)As E)

The above technique and the experimental curvatures
calculated from the strains recorded at four horizontal
lines using LVDT (Figure 6) were employed to calculate the
resultant internal force of tensile concrete N;. Figure 8 de-
picts the force N, variation for beams B1 and B2 in respect
to the normalized bending moment expressed as M / M,,.
M., was calculated according to ACl (American Concrete
Institute, 2014, 2019) (see Eqn (7)). According to Kaklauskas
and Sokolov (2021), the graphs of N versus M / M., can
be idealized by a bilinear shape: within the elastic stage, it
linearly increases from zero to a maximum value reached
at approximately M / M, = 1 and then almost linearly goes
down crossing the horizontal axis at M / M., = B,. The fac-
tor By has an important physical meaning. It represents the
bending moment ByM,, at which the RC member has the
bending stiffness equivalent to the that of the fully cracked
section. The study by Kaklauskas and Sokolov (2021) has
shown that for RC beams having a typical cover thickness
(25 to 35 mm), the parameter B, approximately equals to

a)

3. The mentioned reference has also noted that parameter
Bo might be significantly larger for RC members having
an extended cover. This is clearly the case for the current
test beams. As can be seen from Figure 8a, the degra-
dation in tension stiffening with increasing bending mo-
ment is very insignificant. The figure shows an averaged
linear approximation of the N,. graphs for beams B1 and
B2 within the M / M,, range between 1 and 4.8, with the
latter representing the yielding bending moment. After the
trendline is extended further than M / M, = 4.8, it crosses
the horizontal coordinate at By = 27.6 (see Figure 8b). This
is significantly more than By = 3 taken for typical covers.
In fact, the test beams under investigation demonstrate
the tension stiffening behavior similar to that of steel fibre
reinforced beams (Gribniak et al., 2016; Kaklauskas et al.,
2022; Meskenas et al., 2021) when little degradation of
stresses in tensile concrete takes place.

The reasons of slow degradation of tension stiffening
are not fully clear and need further investigation. One of
the main reasons could be a relatively large clear cover
(nominally 50 mm). The beams having the section height
of 400 mm are expected to have secondary cracks between
the primary cracks (Kaklauskas et al., 2024). However, as
shown in Figure 9, the test beams due to a large cover
basically do not have secondary cracks that significantly
add to the damage of tension stiffening. Another reason
could be a large bar diameter (32 mm), which along with
the cover is responsible for an extended crack spacing and
thus less damage of tension stiffening.

If N is taken equal to 0 and is removed from Fig-
ure 7¢, the figure will represent the internal forces of the
fully cracked RC section. It could be reminded that stiff-
ness of a fully cracked section, E /., can be easily calculated
by standard formulas.

5. Predicting curvatures and deflections

In this section, curvatures are predicted using a model
proposed by Kaklauskas and Sokolov (2021). As shown in
Figure 10, the model has two characteristic points: point 1
represents the cracking bending moment, M, = M_, and
respective curvature k; = M.,/ (El); and point 2 represents
the bending moment M, = ByM,, and the curvature «; cal-

b)

Figure 8. The inversely calculated internal force of tensile concrete, N
a — N forces for beams B1 and B2; b — identifying parameter f3,
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culated as k, = BoM,, /(E..,) where I, represents the mo-
ment of inertia of the fully cracked section. Then curvature
of cracked RC member is calculated by linearly connecting
points 1 and 2 (Kaklauskas & Sokolov, 2021):

K=Ky +(K; =y ) (M /M=) /(B - 1): )
Ky=M, /EL (5)
Ky =BoMc, / Ecley- )

The cracking bending moment, M, is defined by the
formula of ACI 318-14 (American Concrete Institute, 2014)
and ACI 318-19 (American Concrete Institute, 2019):

Mg = frlg /Yo @)

where y; is the distance from the centroid of the section to
the tension face (y; = 0.5h for a rectangular section); f, is

a)

the concrete rupture modulus, for normal-weight concrete
calculated as (American Concrete Institute, 2019):

£ =0623(£.)", ®)

where f. is the cylinder strength in MPa.

The above curvature model uses the elasticity modulus
of concrete suggested by ACI 318-19 (American Concrete
Institute, 2019):

£, = 4700(.)"". 9)

The moment—curvature diagrams predicted by Eqn (4)
for beams B1 and B2 are shown in Figure 11 along with
the test graphs. Parameter By = 27.6 as obtained from the
inverse analysis is used. Good agreement between the pre-
dicted and test results can be stated.

b)

Figure 9. The final crack patterns: a — beam B1; b — beam B2

Figure 10. The curvature model

a)

b)

Figure 11. Predicted versus test moment—curvature diagrams: a — beam B1; b — beam B2
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6. Conclusions

= The constitutive modelling of tension stiffening was
carried out by inverse approach using test moment-
curvature relationships. Tension stiffening was quan-
tified in a simple way using a resultant internal force
of tensile concrete applied at the centroid of tensile
reinforcement.

= Having accurate experimental moment — curvature
diagrams is fundamental in obtaining reliable ten-
sion stiffening modelling results. For that most suit-
able experiment is a four-point test of RC beam with
extended pure bending zone.

= Mean experimental curvatures within the pure bend-
ing zone were obtained by three different approach-
es: 1) from a deflection of the pure bending zone;
2) from strains at several horizontal layers along the
pure bending zone recorded by LVDT; 3) from strains
at several horizontal layers measured using the DIC
technique. While the agreement of the moment—cur-
vature relationships obtained by the different tech-
niques was good, the approach of measuring strains
at several horizontal layers using LVDT could be pre-
ferred. The other two approaches may also be used
for accurate moment-curvature extraction.

= The robustness of the inverse approach is demon-
strated by a good agreement of the calculated inter-
nal tensile concrete force for the twin test specimens.

= The resultant tensile force N, linearly increases from
zero bending moment and reaches a maximum val-
ue at M, and then descends.

= Tension stiffening in bending members can be
quantified by parameter B, indicating the ratio of
Bo = M/ M, at which the resultant tensile force N
reaches zero. The condition N = O represents the
bending stiffness of a fully cracked RC section which
disregards stresses in the tensile concrete. The larger
is parameter [y, the more significant is tension stiff-
ening.

= Earlier studies by the authors of RC bending mem-
bers have shown that parameter By equals to 3 if: 1)
M, is calculated by ACl code, and 2) the beams have
a typical cover thickness (25-35 mm) of the tensile
reinforcement. The current study has demonstrated
that for the test beams having bar diameter 32 mm
and nominal cover thickness 50 mm, the resultant
tensile force N, had little degradation with increas-
ing normalized bending moment, M / M_, that re-
sulted in an increased value of parameter B,,.
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