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Abstract. To remedy the limitation that the conventional drainage boundary only considers two extreme cases of pervi-
ous and impervious boundaries, the consolidation theory of vertical drain is derived by applying the continuous drainage
boundary, and its validity is also proven. Based on the obtained solutions, the excess pore water pressure and the average
degree of consolidation under the continuous drainage boundary condition are analyzed, and the effect of the drainage
capacity of the top surface, the smear effect and the well resistance on consolidation are explored. Furthermore, the prac-
ticality of this theory is also validated by the comparison with experimental data. Results confirm that the complete and
continuous process of the ground top surface can be changed from no drainage to a complete drainage by adjusting the
value of the interface parameter b. Higher value of the interface parameter b means a stronger water permeability of the
foundation, resulting in a faster dissipation of excess pore water pressure and a faster consolidation. Meanwhile, the verti-
cal drainage of the vertical drain cannot be neglected in calculation even though vertical drains are based on a horizontal
seepage. Moreover, the smear effect and the well resistance play an important role on consolidation.
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Introduction

Consolidation significantly influences soil strength and the
stability of buildings (Gibson, 1958; Karlsson, Emdal, &
Dijkstra, 20165 Sales, Prezzi, Salgado, Choi, & Lee, 2017).
Accurate prediction of the consolidation of foundation soil
and the settlement of buildings is of great significance to
the construction, design and safety of engineering. With
the rapid expansion of coastal land reclamation, proper-
ties, such as high moisture content and low permeability
of dredger fills motivate the development of consolidation
theories. In 1942, Carrillo established the expression of
the relationship between the average consolidation degree
of unidirectional seepage and the total average consolida-
tion degree of multi-directional seepage, which provided
a theoretical basis for simplifying the calculation of multi-
dimensional consolidation (Carrillo, 1942). Thus, consoli-
dation theory has been developed rapidly under the con-
dition of equal strain hypothesis and free strain condition
respectively (Barron, 1948; Yoshikuni & Nakanodo, 1974;
Hansbo, Jamiolkowski, & Kok, 1981; Xie & Zeng, 1989;
Wang, Shen, Ho, & Kim, 2013; Basack & Nimbalkar, 2017;
Geng & Yu, 2017).

Many properties such as permeability coefficient and
compression coefficient will be changed due to the dis-
turbance of soil during the installation of vertical drains.
Azari, Fatahi, and Khabbaz (2016) pointed out that the
disturbance would lead to a reduction of OCR (over-con-
solidation ratio) and the strength of soil. Hence, the set-
tlements of soil and the dissipation of excess pore water
pressure were studied under five possible profiles of OCR
in the smear and transition zones. Results show that the
settlements of soil vary greatly under different OCR. The
higher the OCR value of smear and transition zones is, the
higher the creep limit strain is, and the faster the dissipa-
tion of excess pore water pressure is. Moreover, other re-
searchers have taken the smear effect into the theory of
vertical drain consolidation (Indraratna, Rujikiatkamjorn,
& Sathananthan, 2005; Rujikiatkamjorn & Indraratna,
2009; Zhou & Chai, 2017). During consolidation, verti-
cal drains may be blocked by particles, resulting in a re-
duction of drainage capacity of vertical drains. Therefore,
the analytical solutions which consider the well resistance
have been obtained (Deng, Xie, Lu, Tao, & Liu, 2013; Kim,
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Hong, M. J. Lee, & W. Lee, 2011). In addition, the research
on the consolidation theory of vertical drain has also made
considerable progress in the field of soil nonlinear (Lu,
Wang, & Sloan, 2015; Hu, Xia, Cui, Li, & Xie, 2018; Karim
& Oka, 2010; Li, Xu, & Xie, 2017) and non-Darcy seepage
(Xie, K. Wang, & Y. L. Wang, 2010; Taslimian, Noorzad, &
Javan, 2015).

The drainage capacity of boundary surface has a sig-
nificant influence on consolidation calculation. For exam-
ple, if a soil sample is placed in an impervious plastic bag,
it cannot be consolidated no matter how long it takes and
how much load applied. Several researchers proposed the
semi-permeable boundary and studied the issue on this
basis because the Terzaghi’s boundary can only express the
limit state which is completely permeable or completely
impervious and is different from actual conditions (Wang,
Sun, L. Z. Li, P. C. Li, & Xu, 2017; Cai, Liang, Zheng, &
Pan, 2003; Sun, X. Y. Xie, & K. H. Xie, 2003). However,
the meaning of the semi-permeable boundary condition is
unclear, because it cannot quantify the permeability of the
boundary surface. Therefore, G. X. Mei, Xia, and L. Mei
(2011) proposed the continuous drainage boundary and
obtained corresponding analytical solutions. This theory
overcomes the abovementioned shortcomings and thus
has practical application value. Thus, the objective of this
paper is to introduce the continuous drainage boundary
to study the 3D consolidation behavior of vertical drain.

1. Problem description

Most analytical solutions of traditional consolidation
theories are based on Terzaghi’s boundary conditions and
initial condition, which are as follows.

Initial condition:

u(t,z)| g =p- (1)
Boundary conditions:

u(taz)|z:0 = 0 > (2)
ou

—,-, =0. 3
oz *h )

Considering Eqn (1), when z = 0, the following result
can be obtained:

u(0,0)=p. 4)

Considering Eqn (2), when ¢ = 0, the following result
can be obtained:

u(0,0)=0. (5)

By comparing Eqns (4) and (5), we can obtain
u(0,0)=p
1(0,0)=0

Traditional consolidation theory regards the top sur-

face as the extreme drainage state, which is contrary to re-
ality. The drainage boundary in reality should be in a state
between the two extreme cases of completely pervious and
impervious boundaries.

— contradictory .

Considering the above contradictions and combining
the following characteristics of the drainage boundary:
a) at the initial time (¢ = 0), the excess pore water pres-
sure at any depth has not been dissipated, that is,
u (O)Z) =p;
b) as time goes by, the excess pore water pressure on the
boundary monotonously decreases;
¢) when time is long enough, the excess pore wa-
ter pressure is completely dissipated, that is, when
t—>o, u=0.
Mei et al. (2011) proposed the continuous drainage
boundary condition related to the load and time as follows:

u(t,0)=pe?. (6)

In this equation, u(#,0) is the excess pore pressure at
the top boundary of any time; p is instantaneous constant
load; b is the interface parameter which reflects the drain-
age performance of the boundary. The interface parameter
can be obtained by experimental simulation or engineering
measurement inversion. Based on Eqn (6), when b — o,
u (¢,0)=0. The continuous drainage boundary can then
be degenerated into the complete drainage boundary.

The abovementioned contradictions also exist for the
3D consolidation theory of vertical drain under instanta-
neous constant load. Therefore, the continuous drainage
boundary condition is also suitable for the 3D consolida-
tion theory of vertical drain.

2. Mathematical formulation

2.1. Assumptions

Taking single well as the research subject, the model of
vertical-drain foundation is illustrated in Figure 1, where
pis the instantaneous constant additional load; r,,, r,,
and r, are the vertical-drain radius, the maximum radius
of the smear area, and the maximum influence radius of
vertical drain, respectively; k;, and k, are the radial and
vertical permeability coefficients of the dredger fill, re-
spectively; k; and k,, are the permeability coefficients of
the smear area and the vertical drain respectively, which
can be used to characterize the smear effect and the well
resistance effect of the vertical drain; H is the depth of
the vertical drain. Consolidation of vertical drain can be
simplified as a cylindrical axis symmetric consolidation
problem with vertical drain as the drainage center, as
shown in Figure 1.
To simplify the derivation process, the following as-
sumptions are made:
a) equal-strain condition is applicable;
b) seepage obeys Darcy’s law;
¢) at any depth, the amount of water flowing into the
pile from the soil is equal to the amount of water
discharged from the pile;
d) the soil is assumed to be homogeneous, and perme-
ability coeflicients and the compression coefficient
remain unchanged during the consolidation;
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Figure 1. Vertical-drain foundation model

e) other properties of soil in the smear area are the same
as in natural foundation, except for the horizontal
permeability coeflicient;

f) effects of rainfall and temperature are ignored.

The above assumptions may not be exact for some cas-
es, especially the assumption d). Because the permeability
coeflicient will diminish if soil is blocked by particles, and
the compression modulus will increase due to the effect
of pre-consolidation pressure. However, according to Ho,
Fatahi, and Khabbaz (2015, 2016), it may be acceptable to
assume that these parameters remain constant during the
transient process for a particular stress increment.

2.2. Derivation of control equation

(1) Balanced equation

The soil is considered to have no lateral deformation
under the assumption of equal strain, and the additional
load is a uniform instantaneous constant load.

%, 1dcy-u) 1 du,
o E, ot E ot

s

(7)

u, 2 rZ)I 2nru, (r,z,t)dr . (8)
In Eqns (7) and (8), o, is the total stress,c, = p; €, is
the volumetric strain which is equal to the vertical strain;
u, and u, are respectively the excess pore water pressure
and the average excess pore water pressure at any point in
the soil; E is the modulus of compression of the founda-
tion soil.
(2) Seepage continuity equation

A small circle with a height of dz and a thickness of dr
is taken out from the vertical drain foundation model, as
shown in Figure 2.

Seepage occurs not only in the radial direction but
also in the vertical direction. The flow velocities from the
inner and upper surface of the flow unit model are thus
assumed to be v, and v, , respectively. Considering the
continuity of the water flow, the velocities of water flowing

ov,
v, +—=

0z

Figure 2. Flow unit model

ov ov
in from outside and bottom are v, +—" and v, +—%,
respectively. or 0z
The change rate of water inside the small ring is thus

expressed as follows:

oQ ov,
ot :{VV (v, + % dz)} . [n(r +dr)? —nr? ] +

©)
{vh -(2mr) - (vh+a—dr)[2n(r+dr)]}dz

The volume change rate of the small ring is expressed
as follows:

16}
a—V:n[(r+dr)2—r2}dz~i‘ (10)
ot ot

Because the rate of flow change in the small circle

Q

equals to the bulk change rate, 86_‘1‘/_ . Take in and

omit the higher-order trace and simplify to obtain the fol-
lowing equation:
Py O Oy (11)
or 0z Ot
According to Darcy’s law, the water flow velocity can be
expressed as follows:

1
—— (v, +
’

k
y, = Oty
w Or
— (12)
_k 0w
Y, 0z
Substituting Eqn (12) into Eqn (11) yields
1 k, ou, N ky O*u,  k, O®u, _ 0Oe, . (13)
ry, or vy, or* v, 0z ot

To avoid a piecewise function caused by the difference
of the permeability coeflicient between the smear area and
the non-smear area, Eqn (13) can be expressed as:

—
k, (r) ou, +k_V8 u, :_681, ) (14)
r 6r Yo "o Y, 0z ot
where
k() =k, £(r) (15)
kS
= =q r, <r<ft,
fr)=1k, . (16)
1 r,<r<r,
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In Eqn (16), a isa constant. According to the assump-
tion ¢), the following equation can be obtained:

{2 dk(r)@u} 2

5 =—nr£dzk—waa—u2w. (17)
y, or z

w

r=r,
2.3. Analytical solution

As described in Section 2.2, the following main equations
can be summarized:

o, 1 5(00_2)__ 1 0y 7)
at - Es at B ES at
— 1 r,
u, :W—erw Zﬁrur (r,z,t)dr (8)
,—
10k ou | k *u, _ 2, (14)
rorl vy, or] v, 2 ot
8 k 62
Yw ar - Y @Zz

where u,, is the excess pore water pressure in vertical
drains.
Solving conditions are as follows:

Initial condition:

| =u,(zt) =P, (A)

"le=0
boundary conditions:

ﬁau, =0 (Impermeablelateral boundary) (B)
r =T,
_ pp—bt ;

W|z:0 = pe~" (Continuous top surface) ©)
0
Gy =0 (Impermeablebottomboundary) (D)
oz s=H
| _, =u, (Pore pressure continuous). (E)

By integrating Eqn (14) twice about r, the boundary
condition is replaced, and the following results can be ob-
tained:

B Yow k 02 U, I,
=t o Tw (& TR )[ Ay(1) = By(1)].(18)
Ay(r)=
. . j T tf (r)
In this equation P
By(n)=| hiad
w f(1)
Substituting Eqn (18) in Eqn (8) yields:
— oe, k, u,
u, =u, + Ywef( Sy Sy L;r), (19)
2k, ot vy, Oz

. . T’lz kh
where ] is a constant, i.e. ]: 3 k——

1 |{Ins+Inn+
n-—1

S

(2 -3)(s* Dk, (s*-3)(s*-1)
4n? k 4n? '

S

’
In the equation, s =—- indicates the relative size of the
w
’
smear area range; n=—-% is the ratio of the well diameter
rW

which indicates the relative size of the vertical drain.
Solving the derivative of r for Eqn (18) and then substi-
tuting it into Eqn (17) yield:

k, %u, LK o%u,
Ky Tty -1y Ee ) (20)
Yo 0% ot 0z
Substituting Eqn (20) into Eqn (19) yields:
— o*u,,
u, =u, +B e (21)
Substituting Eqn (7) and Eqn (21) into Eqn (19) to
e _
eliminate —~ and u, respectively, and the equation can

be expressed by u,, as Eqn (22):

o*u, o%u, _0*u, Ou,
+ + + =0, (22)
oz4 0z%0t 022 ot

r2Jk, k,E B r2Jk,,

where A= wvs B= ,
2(n* -1k, 2(n* - 1)k,
k,E.(n®-1)+k,E
C=—- 5 5 )+ Es , are constants related to soil
(n* =Dy,
parameters.

Eqn (22) is now solved under the initial condition (A)
and the boundary conditions (C) and (D).
Let

u,, (z,t)=v(z,t)+ pe bt . (23)

The solving conditions are expressed homogeneously
as follows:

Initial condition:
v(2,0)=0, (A1)

boundary conditions:

v(0,£)=0 (Cyn
ov
= . =0. (D1)

According to the boundary conditions, the eigen func-
tion method is used:

& M
v(z,t) = z gm(t)'sin(—z], (24)
— H
m=0
where M = 2m+ln, m=0,1,2...

By substituting Eqn (23) into Eqn (22), we can obtain

oty o3v 0%y 61/
—+B +C— = pbett . (25)
oz4 0z20t 622 ot ~poe

Substituting Eqn (24) into Eqn (25), according to the
Fourier transform, yields:



Journal of Civil Engineering and Management, 2019, 25(2): 145-155 149

4 2
J o L
2| em®+ T 8&m(t) sm[—zj:
5l
L H
— 2 M H )
=0
H
In other words,
S len®+Y g, ]=> N-pet, 27)
m=0 m=0
4 2
Ax) 5] o
where Y = and N=————

ol el

By solving Eqn (27) according to the initial condition
o0

(A1), g, ()= Z %(e‘b’ —e™") can be obtained. By
m=0" "~

substituting such equation into Eqn (24), the following

equation is obtained:

o0

v(z,t) = Z YN—_pb(e’bt —eYt)sin[%zj . (28)

m=0

By substituting the above equation into Eqn (23), the
following equation can be obtained:

_ - Np , _ v . (M
u,(z,t)=pe ¥ + Z—(e bt _e Yt)51n(—2j,(29)
—Y-b H

where u,, is the excess pore water pressure at any time in
the vertical drain at any depth.

By substituting Eqn (28), Eqn (21), and Eqn (19) into
Eqn (18), the excess pore water pressure at any time and
any position in the foundation can be obtained as:

u,(z,r,t)= pe " +

© 2A,(r)—-By(r) B 2
Z 1_[r olr 01’] (Mj . (30)

m=0 rez] H
ﬂ(e‘bt —e Y)sin MZ ,
Y-b H

combining Eqns (21) and (29) yields

Z(z,t) = pe bt +

&200b L, . (M (31)
ZM_Y—b(e bt _e Yt)sm(gz}

m=0

The formula of the average consolidation degree is cal-
culated based on strain. That is:

u.dz

U= . (32)

1 ¢H
GO—H_I_EIO
p

Op

By substituting Eqn (28) into Eqn (21) and then substi-
tuting the result into Eqn (30), the expression of the aver-
age consolidation degree under the continuous boundary
conditions can be obtained as follows:

_ © Zb(e‘b‘ —e‘Yt)
U=1—e‘bt—Z:M2 T

m=0

(33)

Furthermore, the settlement could be expressed as the
following equation,

S, = L)Hszdz = IfGOE—_Edz =
N

H 1 (H—

E—SP—E—S 0 MrdZ= (34)
Hp bty o 2b (e7bt —e~ Y1)

la- -y = .= - ‘7

E, {( “) ,E)Mz Y b

3. Validation of the solution

The solution of the average consolidation degree under
the continuous boundary condition is degraded and then
compared with the existing results to verify the accuracy
of the results.

First, let b — +o0 which means that the top surface is
completely permeable. The result is then obtained as fol-
lows:

— 0 2
Usl-) ——e . (35)
m=0 M

This equation is consistent with the result obtained by
Zhang, Xie, and Wang (2006).

The vertical permeability coefficient k, =0 is then fur-
ther made. The vertical drain is considered to have no ver-
tical drain, which means only the radial drainage is con-
sidered. Substituting k, =0 into Eqn (33), we can obtain:

7 - 2 —out
U_l—mz_‘ame , (36)
where
2Eskh[Mj2
= yW]rez " . This equation is consistent
r2Jk,, H

with the result obtained by Xie and Zeng (1989).

The curves are drawn as shown in Figure 3 according
to the analytical solution to verify the accuracy of the re-
sults, and parameters used in curves are obtained from a
coastal reclamation project in Cangnan County of Zheji-
ang Province, China, as shown in Table 1.

The average consolidation degree under the continu-
ous boundary conditions is degraded, and the consolida-
tion degree curves with time are drawn according to the
parameters in Table 1. The curves obtained from Zhang,
Xie, and Wang (2006) and Xie and Zeng (1989) are com-
pared to verify the accuracy of the analytical solution, as
shown in Figure 3.
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Table 1. Physical parameters of the soil

Permeability coeflicient k / (m/d)

Depth Radius r/ m
H/m k k k k E,/ kPa
h % s w Te T Ty
10 432X107% | 22X10°* 433X107° 1.08 2000 2.5 1 0.25
0.0 g -
iy, ‘KZ eSS seetey 1.0 p— i e
02 5\\8\9‘& sl
X
8 06
g 04 3
® || —o—3D,h=20; Sy
2 —o—3D,b=2; 04rf
S 06 2 3Dp=0.02; e b=2; « b=02;
2 || —v—3D,b=0.002; . r=2m —a— b=0.02;—v— 5=0.002
5 —&—3D,5h=0.0002; w0 b=250-- b=0.2;
S osf Zhang (2006, iy r=lm - 5=0.02: - b=0.002
L - oPe2D,b=2; T 00 02 04 06 038 1.0
1oL -* - - Xie, Zeng (1989) zIH
04 1 10

Time factor

Figure 3. Verified curves of the consolidation degree

Figure 3 depicts the variation of consolidation degree
versus the time factor. The solid lines consider both ra-
dial and vertical drainage, but the dot lines only consider
the radial drainage, i.e. k, = 0. It can be seen that in the
three-dimensional consolidation, when b = 0.0002, the
consolidation degree is almost zero. With the increasing of
b, the consolidation rate increases, and the consolidation
curve is gradually getting close to that of Zhang’s, Xie, and
Wang’s (Zhang, Xie, & Wang, 2006). When b = 2, they are
almost identical. When b continues to increase, reaching
20, the consolidation rate is not significantly accelerated,
the variation of the consolidation versus time is almost
the same as the curve of b = 2. Furthermore, in the two-
dimensional consolidation, i.e. k, = 0, the consolidation
curve of b = 2 coincides with that of Xie and Zeng (1989).
So, we can conclude that the top of the ground is complete-
ly permeable when b = 2. Meanwhile, the consolidation
model under the continuous drainage boundary condition
is verified to be rational.

4. Parametric study

4.1. Analysis of excess pore water pressure

According to Eqn (30) and the parameters in Table 1, the
variation curves of the excess pore pressure with depth
under different influence factors are drawn, as shown in
Figures 4 and 5.

The solid and dashed lines in Figure 4 respectively rep-
resent the relationship between the excess pore water pres-
sure at 1 m and 2 m from the vertical drain center and the
different values of top surface seepage capacity. The Fig-
ure 4 shows that: (1) A smaller interface parameter b leads
to greater excess pore water pressure in the foundation
regardless of whether lines are solid or dashed. Because

Figure 4. Relationship between excess pore water pressure and
depth at different horizontal locations and top water drainage
capacity

— wb=2; e b=02;—a b=002; —v—b=0.002
Coob=2% - b=02% b b=00% o b=0.002

Figure 5. Relationship between excess pore water pressure and

depth at different consolidation times and top water drainage

capacities, The solid lines and dashed lines represent T, =1.4
and T, =7, respectively

b characterizes the discharge capacity of the top surface,
a smaller b means a lower discharge capacity of the top
surface and thus slower dissipation of excess pore water
pressure. (2) Under the condition where consolidation
time factor T, =1.4 (equivalent to ¢ = 100 d), the initial
excess pore pressure is 0 when b is relatively large, such as
b > 0.2. The pore pressure can rapidly dissipate because of
the strong drainage capacity of the top surface. This result
is the same as that of the conventional complete perme-
able boundary condition. When b is relatively small, such
as b < 0.02, the values of the excess pore pressure in the
foundation top surface are not 0. This result shows that the
excess pore water pressure also exists on the foundation
top surface. When b = 0.002, the excess pore water pres-
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sure is close to the additional load p. That is, the pore pres-
sure dissipates very little. The reason is that the foundation
top surface is no longer a traditional complete drainage
condition; rather it is in a weak permeable state. The dis-
sipation of the excess pore water pressure on the top sur-
face is therefore negligible at T, =1.4. This phenomenon
cannot be realized in the traditional consolidation theory
of vertical drain. Therefore, by changing the interface pa-
rameter b, an entire continuous process can be realized
from completely permeable to completely impermeable
on the foundation top surface. This condition compensates
for the limitation of the traditional consolidation theory
which can only express the extreme conditions of com-
pletely permeable and impermeable water. (3) With de-
creasing b, the difference of the excess pore water pressure
between the top and bottom of the foundation becomes
increasingly smaller. The reason is that the discharge ca-
pacity of the top surface is strong but the bottom surface is
undrained. A large b makes a difference on the excess pore
water pressure at the top and bottom. When b is small,
such as b = 0.002, the discharge capacity of the top sur-
face is slightly different from that of the bottom. The excess
pore water pressure is therefore not significantly different.
(4) Comparison of the solid and dashed lines reveals that
the excess pore pressure at ¥ = 1 m is smaller than that at
r =2 m, because the nearer it is to the center of the vertical
drain, the faster the drainage (i.e., the faster the pore pres-
sure dissipates).

The solid and dashed lines in Figure 5 represent the
relationship between excess pore water pressure and depth
at different consolidation times. As shown in Figure 5, (1)
the excess pore water pressure increases with decreasing
interface parameter b; (2) for same b, the excess pore water
pressureat T, =7 (equivalent to ¢ = 500 d) is less than that
at T, =1.4; (3) at b= 0.02, the excess pore water pressure at
the foundation top surface is not zero when T, =1.4, but it
is zero when T, =7 . The reason is that although the water
permeability of the top surface is the same, over time, the
excess pore water pressure at the top surface gradually dis-
sipates to zero. It proves that the excess pore water pressure
is related to time and the interface parameter b. Therefore,
the excess pore water pressure at the top of ground is not
always zero, but variable at different times. This result may
be more consistent with the actual situation.

4.2. Analysis of average consolidation degree

According to Eqn (33) and the parameters in Table 1, the
variation curves of the average degree of consolidation
with time factor under different influencing factors (such
as calculation method, interface parameters, smear area
range, permeability coefficient, etc.) are drawn, as follows.

Figure 6 shows two curves of the relationship between
the consolidation degree and time, obtained by two differ-
ent methods. The dashed line is depicted based on Car-
rillo’s (1942) method, which was previously used to cal-
culate the vertical drain consolidation degree. The solid
line is obtained by the method of radial-vertical coupling.

Consolidation degree (%)

06 [ Y
\
\.
\

08 %\
—e—eet Carrillol theory %\
— Method of radial and vertical coupling".

1 0 1 L 1 ..
1E-3 0.01 0.1 1 10

Time factor

Figure 6. Comparison between Carrillo’s (1942) method and
this study

According to the figure, the results obtained by these two
methods are different. That’s because the Carrillo’s (1942)
method is a simplification, which separately calculates the
radial consolidation and vertical consolidation. Then, the
radial and vertical consolidation degrees are combined ac-
cording to Eqn (37):

U=1-(1-U,)1-U,), (37)

where U, and U, are consolidation degree of radial and
vertical, respectively.

However, this approach may overestimate the con-
solidation rate. When the radial consolidation degree is
calculated, the additional load p only contributes to the
radial drainage consolidation. Similarly, additional load
p fully contributes to vertical drain consolidation in the
calculation of one-dimensional vertical consolidation.
But in fact, the surcharge p acts on both radial and verti-
cal seepage. Therefore, the curves of consolidation show a
difference, and using the radial-vertical coupling method
is more reasonable to predict the consolidation.

As shown in Figure 7: (1) The average consolidation
degree of the foundation is different when b changes. The
consolidation degree curves are considerably moved back
with decreased b, i.e., a longer time is highly required with
the same consolidation. The drainage capacity of the top
surface significantly affects the consolidation speed. The
complete permeable boundary proposed by the tradition-
al consolidation theory may therefore overestimate the
discharge and consolidation capacity of the foundation.
(2) Comparison of the solid and dashed lines (i.e. 2D and
3D consolidation curves) reveals that although the consol-
idation of vertical drain is mainly based on radial drainage,
a significant difference still exists between the 2D consoli-
dation considering radial drainage and the 3D consolida-
tion considering radial and vertical drain simultaneously.
Under 3D consolidation, the b = 0.02 (incomplete drain-
age) scenario is faster than the b = 2 (fully drained) scenar-
io under 2D conditions. Therefore, in actual engineering
calculation, the vertical discharge capacity of vertical drain
cannot be ignored.
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Figure 8. Influence of well resistance on consolidation degree

From Figure 8, it can be seen that the consolidation
becomes slower with the decrease of the permeability coef-
ficient of the vertical drain, so the drainage capacity of the
vertical drain has a significant effect on the consolidation.

In Figure 9, when kj, / k, =1, there is no smear effect.
With the increase of k;, / k, (i.e. the permeability coefficient
of the soil in smear area gradually decreases), the consolida-
tion curve moves backward. That is, the consolidation speed
slows down. It can be seen that the permeability of the smear
area soil has a significant effect on the consolidation.

The solid and dashed lines in Figure 10 represent the
effect of the smear area range on the average consolidation
degree under the condition of complete and incomplete
permeability of the top surface, respectively. As shown in
Figure 10, the consolidation is significantly accelerated
with decreased influence radius of the smear area regard-
less of the drainage capacity of the top surface.

The extent and permeability of the smear zone have
a significant influence on the consolidation progress. In
realistic engineering, the key issue is how to acquire val-
ues of the extent and the permeability, which is crucial
to using the radial-vertical coupling method predict set-
tlements accurately. Parsa-Pajouh, Fatahi, Vincent, and
Khabbaz (2014a, 2014b) applied a developed FLAC code
and adopted the proposed back calculation procedure to
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Figure 9. Effect of permeability coefficient of smear area
on degree of consolidation
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Figure 10. Influence of the smear effect on the consolidation
degree. The solid lines and dashed lines represent b = 2 and
b = 0.02, respectively

predict smear zone properties. This method provides an
economic and practical approach for designers to obtain
the permeability and extent of the smear zone in the early
loading stages, which can be applied in the actual engi-
neering calculation.

In Figure 11, the realistic well is assumed to be b = 0.02,
and other parameters are shown in Table 1. Well resist-
ance means that the permeability coeflicient of the vertical
drain is 0.1k, k;, =k, , b =0.02, and other parameters are
shown in Table 1. Smear suggests that the permeability co-
efficient of the vertical drain is infinite, and it is 100 times
as much as k,, in Table 1, b = 0.02, but k;, =k, . Ideal well is
the condition in which there is neither well resistance nor
smear, and b = 2. As shown in Figure 11, the existence of
the smear area significantly influences the consolidation of
the ground. The consolidation degree curves of the ideal
well and the realistic well are also considerably different as
influences of the top drainage capacity, well resistance and
the smear zone. Therefore, reducing the disturbance to the
well wall during PVDs installation is appropriate.

In engineering practice, a rapid loading rate may result
in ground failures when the ground soil is not sufficiently
consolidated. Therefore, it is very important to accurately
predict the process of consolidation. In the traditional the-
ory of consolidation, top surface is considered completely
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Figure 11. Influence of the smear effect and the well resistance
on the consolidation degree

pervious; in this case the consolidation rate may be overes-
timated, because the drainage capacity may be reduced by
blocking of porosity. But this limitation could be compen-
sated by the theory of consolidation under the continuous
drainage boundary, and a more precise prediction of the
consolidation degree and settlements could be received.

5. Experimental validation of the model

The validity of the analytical solution is verified by degrada-
tion as described in section 4. And the practicability of this
model is verified based on the experimental results of Par-
sa-Pajouh, Fatahi, and Khabbaz (2016) in this section. This
experiment was conducted by a large-scale Rowe cell, and
the experimental model includes the sand well, smear zone
and undisturbed area whose parameters shown in Table 2.

During the experiment, filter paper and porous plate
were placed on the surface of the soil sample, and the bot-
tom was impervious. The data of settlements and the vari-
ation of excess pore water pressure during consolidation
were obtained by four stages of loading (20, 50, 100, and
200 kPa). The validation process is divided into two steps.
(1) According to Table 2 and the settlement curves of ex-
periment, the parameter b in Eqn (34) is fitted. The result is
shown in Figure 12. (2) According to Eqn (30), the excess
water pressure curves at z = 0.11 mm and r = 0.125 mm
are compared with the curve of Parsa-Pajouh, Fatahi, and
Khabbaz (2016) to verify the accuracy and practicabil-
ity of the model. The results are shown in Figure 13. It is
worth noting that the ground under each stage of load is
regarded as completely consolidated based on the continu-
ous drainage boundary. There are two vertical pink dashed
lines in Figure 12, which stand for a particular time, close
to the final settlement.
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Figure 12. Comparison curves of settlements versus time
between experiment and calculation
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Figure 13. Variation of excess pore water pressure versus time
obtained by different methods

Figure 12 shows that, when b = 0.65, settlements ob-
tained from the experiment is close to the results of calcu-
lation under the first load. The experimental settlement at
the end of secondary load is slightly larger than the calcu-
lated result. This is because the settlement under the first
load does not end when the second load is applied in the
experiment. However, in the calculation of this model, it
is assumed that a sufficient settlement caused by the pre-
sent load has been achieved before applying the next load.
Under the third and fourth load, there is a disparity in the
final settlement. We suppose that the assumption in this
study that the coefficients of compressibility and perme-
ability remain constant during consolidation may be re-
sponsible for this phenomenon. In the experiment, the
permeability coeflicient and compression coefficient may
change under the previous pressure, and the friction of the
shaft wall may offset some of the stress. Although the gap
of the final settlement is increasing, the time to reach the
final settlement is similar under the last two loads. This is

Table 2. Physical parameters of the experiment

Depth Permeability coefficient k / (m/d) . Radius r / m
H/m kh kv ks W s b T, Ts Tw
0.2 1.56X1073 | 1.56X 1073 | 3.89X 1074 388.8 667 0.125 0.033 0.011
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because the interface parameter b represents the drainage
capacity of the top surface, which only affects the consoli-
dation speed, but not the final settlement. The difference
of settlement between the experiment and calculation is
caused by ignoring the variation of compression coefficient
and permeability coefficient. Therefore, we believe that the
calculation results from the consolidation theory under
continuous drainage boundary at b = 0.65 are acceptable.

Figure 13 illustrates the variation of excess pore water
pressure versus time, obtained by experiment, simulation
and calculation. The dissipation rates by three methods are
different under the first load. This is because the initial ex-
cess pore water pressure must be equal to the applied load,
either in simulation or in model calculation. However, the
excess pore water pressure in the experiment is smaller
than the load; friction on the inner wall of the instrument
may explain this phenomenon. Under the second load, re-
sults of calculation and simulation are close to the labo-
ratorial measurements. The dissipation of the excess pore
water pressure calculated by the model is relatively faster
under the third and fourth load than the simulation and
experimental results, but the difference among them is
small. Therefore, we believe the consolidation model un-
der continuous drainage boundary is reliable.

Conclusions

For the contradiction between the boundary condition
and the initial condition in the traditional consolidation
theory of the vertical drain under instantaneous constant
load, continuous drainage boundary condition is applied
to solve the vertical drain consolidation equation. The
analytical solution of 3D consolidation of vertical drain is
obtained and compared with the existing analytical solu-
tion. The following conclusions were obtained.

1. Continuous boundary condition can fully satisty
the initial condition. Degradation and comparison
demonstrated that the analytical solution under the
continuous drainage boundary condition is correct.
Any status between the entire boundary process from
complete pervious to impervious can be realized by
changing the value of the interface parameter b. This
process compensates for the limitation of the tradi-
tional theory which can only express the extreme
state of complete drainage or no drainage.

2. Excess pore water pressure in the foundation under
the continuous drainage boundary condition is not
only related with the position and consolidation time,
but is also influenced by the interface parameter b.
The closer it is to the foundation top surface and the
vertical drain center, the faster the excess pore pres-
sure dissipates. The longer the consolidation time, the
smaller the excess pore water pressure. In addition,
larger value of b causes faster dissipating of the excess
pore water pressure.

3. In contrast with the traditional theory under the
continuous drainage boundary condition within a

certain period, excess pore water pressure exists at
the foundation top surface. The excess pore water
pressure on the top surface gradually dissipates with
increased consolidation time.

4. In the vertical drain foundation, the vertical drain-
age capacity also has a significant influence and can-
not be ignored although it is mainly based on radial
drainage. The permeability coefficient of the smear
area, the smear area range and the well resistance also
have a significant effect on the average consolidation
degree of the vertical drain. The disturbance to the
well wall should therefore be minimized in construc-
tion.
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