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Abstract. Based on the operational laws on interval-valued intuitionistic fuzzy sets, the generalized
Banzhafinterval-valued intuitionistic fuzzy geometric Choquet (GBIVIFGC) operator is proposed,
which is also an interval-valued intuitionistic fuzzy value. It is worth pointing out that the GBIVIFGC
operator can be seen as an extension of some geometric mean operators. Since the fuzzy measure
is defined on the power set, it makes the problem exponentially complex. In order to overall reflect
the interaction among elements and reduce the complexity of solving a fuzzy measure, we further
introduce the GBIVIFGC operator w.r.t. 2-additive measures. Furthermore, if the information
about weights of experts and attributes is incompletely known, the models of obtaining the optimal
2-additive measures on criteria set and expert set are given by using the introduced cross entropy
measure and the Banzhaf index. Finally, an approach to pattern recognition and multi-criteria group
decision making under interval-valued intuitionistic fuzzy environment is developed, respectively.

Keywords: interval-valued intuitionistic fuzzy set, generalized Banzhaf index, Choquet integral,
2-additive measure.
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Introduction

Research background

Since Zadeh (1965) first proposed fuzzy set (FS) theory, it has been widely investigated and
applied to a variety of fields. However, a fuzzy set only gives us the membership information
of an element. Later, Atanassov (1986) proposed the concept of intuitionistic fuzzy set (IFS),
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which is characterized by a degree of membership and a degree of non-membership. The
sum of the membership degree and the non-membership degree of each ordered pair is less
than or equal to one. The IFSs give us the possibility to model hesitation and uncertainty by
using an additional degree (Wang 2009; Yager 2009). Atanassov (1986, 1999) further gave
some basic operations and relations of IFSs. Xu (2007a) and Xu and Yager (2006) introduced
some aggregation operators. The research results have been achieved in many different fields
(Atanassov 1999; Hung, Yang 2008; Jiang et al. 2009; Bustince et al. 2007; Xu et al. 2008; Chen,
Li2010; Xu, Cai 2010a; De et al. 2001). However, in many real life situations, the exact values
of the membership and non-membership would not be identified easily due to insufficiency
in information availability. In 1989, Atanassov and Gargov (1989) introduced the concept of
interval-valued intuitionistic fuzzy sets, which are characterized by an interval membership
function and an interval non-membership function. Such a generalization further facilitates
effectively representing inherent imprecision and uncertainty in the human decision making
process. The application of interval-valued intuitionistic fuzzy sets for solving various decision
making problems has received considerable attention recently (Atanassov 1994; Chen et al.
2011;Li2010,2011a, 2011b; Nayagam, Sivaraman 2011; Park et al. 2011; Xu, Chen 2007; Xu,
Cai 2010a; Ye 2010; Yue 2011).

All above mentioned researches only considered situations where all elements in a set
are independent, i.e., they only considered the addition of the importance of individual ele-
ments. However, in many practical situations, the elements are usually correlative (Grabisch
1995, 1996). As a powerful tool for measuring the interaction phenomenon among elements,
fuzzy measures (Sugeno 1974) have been successfully used in decision problems (Labreuche,
Grabisch 2003; Grabisch, Labreuche 2008; Yager 2003; Xu 2010; Tan, Chen 2010a, 2010b,
2011; Tan 2011a, 2011b; Tan et al. 2011; Zhang et al. 2011). Since the fuzzy measure is
defined on the power set, it makes the problem exponentially complex. In order to deal with
this issue, some special fuzzy measures were proposed, such as A — fuzzy measure (Sugeno
1974), k-additive measure (Grabisch 1997) and p-symmetric fuzzy measure (Miranda et al.
2002). Corresponding to fuzzy measures, fuzzy integrals as a useful tool for aggregating
fuzzy information are also successfully used in many different fields (Grabisch et al. 2000).

Research objectives

Although many aggregation operators have been developed under intuitionistic fuzzy envir-
onment, there are some problems that should be pointed out: (1) The existing aggregation
operators based on the Choquet integral do not consider the interaction among elements
globally; (2) How to obtain the fuzzy measure on a set is not studied; (3) The complexity of
solving a fuzzy measure is not taken into account.. In order to deal with these problems, the
rest of this paper is organized as follows:

In section 1, some basic notations and conceptions are reviewed, which will be used in
the following. In section 2, we introduce an aggregation operator for IVIFSs by using the
Choquet integral and the generalized Banzhaf index, which is named as the generalized
Banzhaf interval- valued intuitionistic fuzzy geometric Choquet (GBIVIFGC) operator. In
order to simplify the complexity of solving a fuzzy measure, we further define the GBIVIFGC
operator w.r.t. 2-adttitive measure, which is simply expressed as the GABIVIFGC operator.
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In section 3, we first give a new cross entropy measure for IVIESs. Then, the models of get-
ting the optimal 2-additive measures on criteria set and expert set are given, respectively.
In section 4, an approach to pattern recognition and multi-criteria group decision making
under interval-valued intuitionistic fuzzy environment is respectively developed. Meantime,
the corresponding examples are given to illustrate the concrete application of the introduced
methods. The conclusions are made in the last section.

1. Preliminaries

In this section, we will review some basic notations and definitions of interval-valued intuition-
istic fuzzy sets, fuzzy measures and the Choquet integral, which will be used in the following.

1.1. Interval-valued intuitionistic fuzzy sets

Definition 1 (Atanassov, Gargov 1989). Let X be a no empty finite set. An IVIFS A in X is
expressed as:

A={(x ), L)y, ) | x e X

where [p;(x),p,(x)]<[0,1] and [v;(x),v,(x)]<[0,1] respectively denote the interval-
valued degrees of membership and non-membership of element x € X with the condition
p,(x)+v,(x) <L

For any xeX, [m(x),m,(x)]=[1-p, (x)-v, (x),1—-p;(x)—v,(x)] is the interval hes-
itance degree of element x to A. [m;(x),m,(x)] is also called interval intuitionistic index.
When m;(x)=m,(x) for all x € X, the IVIFS A degenerates to be an IFS. Especially, when
m(x)=m,(x)=0 forall xeX, the IVIFS A degenerates to be a fuzzy set.

In order to denote simply, any interval-valued intuitionistic fuzzy value (IVIFV) &
can be expressed by a = ([a,b],[c,d]) , where [a,b]c[0,1] and [c,d] =[0,1] respectively de-
note the interval-valued degrees of membership and non-membership with the condition
b+d<1 (see Xu, Chen 2007). Let Q be the set of all IVIFVs on X. Obviously, we know
that a* = ([1,1],[0,0]) and o~ = ([0,0],[l,l]) are the largest and smallest IVIF Vs, respectively
(see Xu 2007b).

Combine the interval intuitionistic index, Xu (2008) introduced the following form
to express an IVIFS A:{<x,[u,(x),pu(x)],[vl(x),vu(x)],[rcl(x),rcu(x)]>|xeX}. Thus, any
IVIFV a= ([a,b],[c,d]) can be expressed by o= ([a,b],[c,d],[e,f]) with e=1-b-d and
f =1-c—a.Inthissituation, itis clear that a* = ([1,1],[0,0],[0,0]) and o~ = ([0,0],[1,1],[0,0])
are the largest and smallest IVIFVs, respectively (see Xu 2008).

Definition 2 (Xu 2007b). Let o= ([al,bl],[cl,dl]) andy = ([az,bz],[cz,dz]) be any two
IVIFVsin Q, then some operations of & and y are defined by:

1) a®y=([aa,,b,b,1,[c; +¢, —¢i¢5,d, +d, —did,]),

2) & =([a* b L1 - (=) 1= (1=d))*]), 1>0.
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Proposition 1 (Xu 2007b). Let 6.=([a;,b;1,[c;,d;]) and 7 =([a,,b,1,[c,,d,]) be any two
IVIFVsin Q, then:

1) a®7=7®4,

2) (a®=a* @ VA>0,

3) aMth =aM @ar: VAL, >0.

Definition 3. Let a. = ([al,bl],[cl,dl]) and y= ([az,bz],[cz,dz]) be any two IVIFVs in Q,
then:

1) a<y ifand onlyif 4, <a,,b; <b,,c; >¢, and d, 2 d,,
2) a=7 ifand onlyif a<y and a>y,

3) aC =([c;.d,][a;,b,]).

1.2. Fuzzy measures and the Choquet integral

In some real decision problems, it is not suitable to measure the importance of criteria by
using additive measures because the independence of them is usually violated. In 1974, Su-
geno (1974) introduced the concept of fuzzy measure, which is a powerful tool for modeling
interaction among elements (Grabisch, Roubens 1999; Kojadinovic 2003, 2005) and dealing
with decision problems (Grabisch 1995, 1996; Labreuche, Grabisch 2003; Grabisch, Labreuche
2008; Xu 2010; Tan, Chen 2010a, 2010b).

Definition 4 (Sugeno 1974). A fuzzy measure | on finite set N is a set function
p:P(N)—[0,1] satisfying:

1) W) =0, u(N)=1,

2) Ac B implies u(A) <p(B),
where P(N) is the power set of N.

In the multi-criteria group decision making, W(A) can be viewed as the importance of the
criteria set or expert set A. As a result, in addition to the usual weights on criteria set or expert
set taken separately, weights on any combination of criteria set or expert set are also defined.

From Definition 4, we know the fuzzy measure is defined on the power set, which makes
the problem exponentially complex. Thus, it is not easy to get the fuzzy measure of each
combination in a set when it is large. In order to reflect the interaction among elements
and simplify the complexity of solving a fuzzy measure, some special fuzzy measures were
introduced (Sugeno 1974; Grabisch 1997; Miranda et al. 2002).

Let f:{0,1} > R. be a pseudo-Boolean function. Grabisch (1997) pointed out that any
fuzzy measure pi can be seen as a particular case of pseudo-Boolean function, and put under
a multilinear polynomial in # variables:

wA)= > [a; M y] VACN, (1)
TN ieT

where a; €R, y=(y,5.-¥,)€10,1}",and y, =1 iff i€ A.
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The set of coefficients a;(T = N) in fact corresponds to the Mobius transform, denoted

by a; = z (—1)|T\S|M(S). Since the transform is inversible, p can be recovered from a; by
ScT
wWA) = Z ag.
BcCA
Definition 5 (Grabisch 1997). A fuzzy measure p on N is said to be k-additive if its cor-
responding pseudo-Boolean function is a multilinear polynomial of degree k, i.e., a; =0 for
all T'such that |T| > k, and there exists at least one subset T with k elements such that a #0.
When k = 1, the k-additive measure p reduces to be an additive measure; When k = n,
the k- additive p is a fuzzy measure as usual. Especially, when k = 2, by Eq. (1) we get a
2-additive measure. For a 2-additive measure L1, one can easily get (Grabisch 1997), for any
SCN with [s]>2:

u(S)=Zaixi+ Z aijxixj=Zai+ Z a; = z p(i,j)—(|S|—2)Zu(i), (2)

i=1 {i,jlcN €S fijleS  {ijlcS ieS

where p(i)=a;,u(, j)=a; + aj+a;.

For a 2-additive measure, we only need n(n + 1)/ 2 coeflicients to determine it for a set
with # elements.

Theorem 1 (Grabisch 1997). Let p be a fuzzy measure on N, then p is a 2-additive
measure if and only if there exist coefficients u(i) and u(i, j) for all 4, j € N that satisfy the

following conditions:
1) Wi)>0 VieN,

2) Y i )-(N|-2)Y ui)=1,

{i,jlcN ieN

3) D (uGk)—p(i))2(|S|-2)u(k) VSeN st keS and [s]>2.
icS\k

Corresponding to fuzzy measures, fuzzy integrals are important aggregation operators
w.r.t. fuzzy measures, which are studied by many researchers (Sugeno 1974; Grabisch 1997;
Miranda et al. 2002; Dubois, Prade 1988). One of the most important fuzzy integrals is the
Choquet integral (Choquet 1953). Yager (2003) introduced the Choquet aggregation operator
on fuzzy sets. Xu (2010) and Tan (2011b) studied some Choquet aggregation operators on
IFSs and IVIFSs. The application of the Choquet integral has received considerable attention
recently (Labreuche, Grabisch 2003; Grabisch, Labreuche 2008; Yager 2003; Xu 2010; Tan
2011a, 2011b). In 1996, Grabisch (1996) put forward the following concept of the Choquet
integral on discrete sets.

Definition 6. Let f be a positive real-valued function on X ={x,,x,,...X,}, and p bea
fuzzy measure on N. The discrete Choquet integral of fw.r.t. p is defined by:

Cu(f(xu)):f(x(z))wwf(x(n))) = Zf(x(i))(H(A(,-)) - H(A(Hl))) ’
i=1

where () indicates a permutation on N such that f(x(l))sf(x(z))s...sf(x(n)), and
A(l) = {i,...,n} Wlth A(?l+1) = @
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Based on the Choquet integral, Xu (2010) defined the following interval-valued intuition-
istic fuzzy correlated averaging (IVIFCA) operator:

n
IVIFCA(Giy, G- 0t) = @ iy (A )~ (A,
i=

and Xu (2010) and Tan (2011b) respectively presented the following interval-valued intu-
itionistic fuzzy geometric aggregation (IVIFGA) operator:

n
IVIEGA(G, 6y, &, ) = 1®1 &(i)H(A(i))_H(A(iH))’
where () indicates a permutation on X such that 6;) <6 ;) <....< 0, and A ={i,...,n}
with A(n+1) =, m is the fuzzy measure on index set N={1,2, ..., n}.
Although the IVIFCA and IVIFGA operators can indict the importance of any combination
in a set, they can not overall reflect the interaction among all combinations A(i)(i =1,2,...,n)
as it only considers the interaction between subsets A(;) and Ag,py(i= 1,2,...,n).

2. The generalized Banzhaf interval-valued intuitionistic
fuzzy geometric Choquet operator

2.1. The general case

In order to measure the power or the strength of each coalition in a game rather than that of
each player, Marichal (2000) gave an expectation index called the generalized Banzhaf index
in game theory, which is expressed by:

Os(uN) = ¥ e SUT)-i(T)) VSEN. (3)
Tc<N\S

From Eq. (3), when |S| = 1, suppose S = {i}, then we get the Banzhaf function (Banzhaf
1965) as follows:

OuN)= 3~ WUT)=(T) VieN. @
TcN\i

When we apply Eq. (3) in the setting of multi-criteria decision making. ¢¢(1,N) can
be viewed as the importance of the criteria set S. For any S < N, if there is no interaction
between the coalition S N and any coalitionin N\ S, then p degenerates to be an additive
measure. Namely, (ps(u,N):Z(pi (WLN)= Zu(i) forany SC N.

ie§ ieS

Theorem 1. Let p: P(N) —[0,1] be a fuzzy measure on N, then the generalized Banzhaf
index ¢ given as Eq. (3) is also a fuzzy measure.

Proof. By Eq. (3), it is obvious that @4 (i,N)=0 and @y (1.N)=1.
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For any S, K = N with S € K, when|S|+1=| K|, without loss of generality, suppose
SUi=K. From Egs (3) and (4), we get:

PsUN)= T e u(SUT)—(T) =
TcN\S

1 1 ' .
2 SREEHEUD @)+ Y —mrgWSUTUD - (T Ui)

T<N\SUi T<N\SUi
and

Px(N)= 3 WK UT) - (1)
TcN\K

Y (WSUTUD-w(1)).

N|-[S|-1
T<N\SUi 2| I

According to the monotonicity of w, it is clear that w(T') < (T Ui) and
u(SUT) <u(SUT Ui). Thus:

Os(LN) <@g (u,N) -

When [S]+p=|K]|, without loss of generality, suppose SU({i;,iy,...i,}=K and let
S =SU{i}, S, =8 Uli}...8, =S, U{i,}. From above, we obtain:

(PS(H>N) < (PS1 (M’N) < -"'(pSP (M’N) = (PK(H>N) .

From Definition 4, we know that ¢ given as Eq. (3) is a fuzzy measure.
From Definition 6, we define the generalized Banzhaf geometric Choquet integral as
follows:

n
Oy (WN)=04 . - (LLN)
C(P(H,N)(f(x(l))’f(x(Z))""’f(x(ﬂ)))=i<>3f(x(i)) Adi) Ali+1) ,

where (-) indicates a permutation on N such that f(x(l)) < f(x(z)) <...< f(x(n)), and
A(l) = {i,...,n} With A(l’H—l) = @.

Definition 7. Let &; = ([ai ,b;1.[¢;»d; ]) (i=1,2,...,n)beacollection of IVIFVsin Q ,and
pbe a fuzzy measure on N. A GBIVIFGC operator of @; is defined by:

" S(LN)=¢, N
(CB) I&d(P(H,N)=GBIVIFGC(dl,dz,...,dH):%(d(i))w%(“ a0, (5)
1=

where () indicates a permutation on N such that ;) <0y, <...<ay,), and A, ={i,..,n}
with A, ;) =J.

Remark 1. When we restrict the domain of IVIESs in the setting of IFSs, then Eq. (5)
degenerates to be the generalized Banzhaf intuitionistic fuzzy geometric Choquet (GBIFGC)
operator.
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Theorem 2. Let &, = ([ai,bi],[ci,di]) (i=1,2,...,n) be a collection of IVIFVs in Q, and
p be a fuzzy measure on N. Then their aggregated value by using the GBIVIFGC operator
is also an IVIFV, and denoted by:

. " N N) N0 (LN
GBIVIFGC(O‘p%v--’O‘n):({Ha(nq”“”(“ NG ),Hb(i)(w’)(“ =0y (B )}
i=1

i=1
" N)- N " SN0, (LN
|:1_H(1_C(i))<PA(I.)(H PO B8 | 11— g P B e >D )
i=1 i=1

where () indicates a permutation on N such tha 6y <@, <...<a,), and A; ={i,...n}
with A, ;) =D.

Proof. The first result follows quickly from Definition 1. Below we prove Eq. (6) by using
mathematical induction on #.

(i) When »n =2, from Theorem 1, we have:

>

< \Paq (LN)=04 ) (1.N) Qa0 WN)=04 (WN) ;@4 (WN)=0, (LN)
(0‘(1)) (1) @) _([“(1) A1) 4(2) by 4(2) }

|:1 _ (1 _ C(l) )q)A(l) (H)N)_‘PA(Z) (H)N)’l _ (1 _ d(l) )‘PA(I) (H)N)_('pA(z) (H’N):|j
and

Py (N0, (LN) P4, (WN)=04 . (WN) Q4 (WN)=04 . (LN)
(0‘(2)) @) ©) _qa(z) @) ) by O A3) ,

[1 (1)) (N0 (0N | iy (N)=9 45 (N) B

Thus:
~ ~ - LN)— N B N)— N
GBIVIFGC((xl,az):(a(l))Mn(u )@, (1 )®(a(2))(pA(2)(u F 05y (BN _
qam%‘” )94 (“’N)a(z)(pAm (N5 (W)

b(l)(PA(l) (WN)=04 ) (H’N)b(z)%@) (WN)=4 5 (LN) ]

5 )(PA(Z) (H;N)_(PAB) (H)N)’

1-(1— < )(PA(I) (u,N)—%(z) (WN) (1- ‘o)

1= (1= dyy) ™o 70 g g P (80 (0D D B

[ 2 2
[ g 400 Oy O [ a0 (u,N)}
i=1 i=1

2 2
N)=@ 4, N S(LN)=0, . N
1 1 )™ B0 ) 1 Fr g 00 080 >D
. n

i=1 i=
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(ii) Hypothesis, Eq. (6) holds for n =k (k >2) ), namely,

GBIVIFGC(G,0.;,...,0; ) =

ﬂnam"’A<z>(“N) Pagiy N b npA()mN) Paiany (um}
l 1

k k
N)=0y, . N S(LN)=@y, . N
{1_11(1_%))%@@ oy 8 1 g )0 B >D
P i=1

When n = k + 1, by the operational laws given in Definition 2, we get:
GBIVIFGC(Q,0y 5., O ) =

[r"[ R 0y ) b P40 )0 O )}
i= i=1

k : L _
1- Hl(l - C(i))“’A(i) WN)=@4, ) (“’N),l _ -Hl(l ~d )P0 WN)-04, (u,N)D ®
i= b

Paggerry WNI=0 a5 (N)

Ak+1) b(k+1)

VN

Agerry N0 (1 N)}

i=

k -
1-(1- C(k+1))¢A ey PoN)=04 o) (N) 1- l'Il(l—d(kH))‘PA("“)(”’N) tPA(m)(u,N)D:

kﬁl (l)@A<,)(uN) DAy ) K H b(l P agy WN)=04; (HN):|

/ﬁ

k+1 k+1
(BN (0N) SN0 ()
1= T (1) ™0™ M0 B0 1 (1= )P ™ D

That is, for n = k + 1, the Eq. (6) still holds, and the result is obtained.

From Theorem 2, it is not difficult to know the GBIVIFGC operator satisfies the prop-
erties of commutativity, idempotency, comonotonicity and boundary, which are important to
an aggregation operator.

2.2. The GBIVIFGC operator w.r.t. 2-additive measure

In this section, we shall research the GABIVIFGC operator, which not only globally reflects
the interaction among elements, but also greatly simplifies the complexity of solving a fuzzy
measure.
Theorem 3. Let p be a 2-fuzzy measure on N, then the generalized Banzhafindex ¢ for
p can be expressed by:
M= 3 it Y (u6 -1l - S ), %

{i,jlcS i€S,jeN\S 2 ieS

for any S N with |§| 22, and when |S| =1,



Technological and Economic Development of Economy, 2015, 21(2): 186-215

o) =M+ 1 ; D (uG ) -n()),

jEN\i
forany {i}=ScN.

Proof. For Eq. (7): By Eqs (2) and (3), we get:

TgN\S

2 ﬁ{[ Y. HGH=(S|+|T]-2) 3] u(i)]—

TcN\S {i, jlesSur ieSUT

( 2. uG@)=(T] —Z)Zu(i)B =

{i.jlcT ieT

2 2N |S|[ Z G )+ D wG)=(S|+ T[22 nG)- |S|ZM(J)J

TcN\S icS,jeT ieS jeT
S|
2 2|N| ERILCUEDY SN |S|z“(]) 2 |N| g2 He-
T<N\S {i,j}cS Tc N\S Tc NS icS,jeT
(S]+]T[-2)
TCZN\S SINFTS Z @)=
NS NS NS
|Zo Cini- &, ks N % Cii-s-1
—M(l )+ ————a— M, j) - —
{LJZ}: SINFS] J ,-gs,JZE:N\s N EC I je%s SINFS]
N NES
%OITIQM 51+ (151-2) I; Clt-i
Z; PNES W)=
HINHIS SINI-s-1 NEA
Y TN+ Z M= D -
ot 2N s 2N Ly N
(IN 1= ]SS (|58l
ZS 2N ni)=
.. | S . N|+|S|—4 .
I S G e
{i,j}cS icS,jeN\S JEN\S ieS

Y et Y (- Isiug) - S S,

{i,j}cS ieS,jeN\S 2 ieS

195

u(j) -
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For Eq. (8): Similar to Eq. (7), we have:

0i(N)= D, 1(lu(zUT) W)=

TQN\I

1 1
SINF1 “(i)+2|N|71 TZI\;\' Z;(H(ij)—u(j))—(lTl—l)u(i) =

CIN\I\ J€
IN|-2 ]

1 |7%0 Cint2 INEL(| T |- DCINI 1
RO+ Y (0, ) 1) - Y s
2 o 2N i 2N

1 , 2INI-2 (|N|[-1)2NF2 N1y
SINFL u(l)-i-jEZN:\l N1 (H(l ks H(])) e u(i)=
3- |N |

H(l)+2 Y (w6, j)=n()-

jeN\i

Theorem 4. Let | be a 2-fuzzy measure on N, and ¢ be the generalized Banzhaf index
for p given as Eq. (3). Then,

50 (LN) — @ (1L,N) = @; (1, N), ©))

forany ie N andany SCc N with ie§S.

Proof. When S = , the result obviously holds. When |S| = 1, without loss of generality,
suppose S=1{l}, and then from Theorem 3, we get:

cp{i,Z}(u,N)=u(i,l>+1{ > ouki-2 Y u(j)}—'NZ'_Z(u(ﬂw(l))-

kelil}, jeN\{i,I} jeN\(il}

By Eq. (8), we have:

@i (L N) =@y (1, N) = {H(Ll)*l 2 “(k’j)_l 2 “(l’j)J_

keli 1}, jeN\{i,I} jeN\l

[ > ou()—— Z um] INIZ2,6)- —u(l)

jEN\{i,l} ]eN\l
LY et Y urn- 20T -
]eN\z 2 jeN\{i,l} 2

#uaw% > (w6 )-n(j)=9;(LN).

jeNN
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When | S [~ 2, from Eq. (7) we obtain:

Osui (L N) = @5 (L N) = > n(i, j)+ {Z AN Zuu)] u(Z)

jes leN\SUi jes

- Z u(l) - Z“( wu(i):

leN\S ]eS

' z)+—[2u<u)+ > M(zl)]——[z:u(] Zu(l)}

jes leN\SUi jes IeN\S

3-|IN| ,.. 1 . .
SN 4 LS () - () = 0,(uN)
2 2. N
jEN\i
From Theorem 4, we know that the GABIVIFGC operator is an additive measure, namely,
(ps(u,N):Z(pi(u,N) for any S N. Then, it can be expressed by:

ieS

GABIVIFGC(8;,Gy5...» G, )=

i=1 i=1 i=1

Hna"’z(“mnb‘““m”l TI(1—c,)®% N - H(l d)‘Pz(“N)D, (10)
=1

where @, (11, N) is the Banzhaf value of the element i given as Eq. (8).

3. A new cross entropy measure and the models of obtaining
the optimal 2-additive measures

3.1. A new cross entropy measure for IVIFSs

In section 2, we have introduced two aggregation operators for IVIFSs, which are based on the
Choquet integral and the generalized Banzhaf index. When the weighting vectors on expert
set and criteria set are given, we can develop an approach to multi-criteria group decision
making under interval-valued intuitionistic fuzzy environment by using the introduced
operators. Otherwise, we first need to get their weighting vectors.

Cross entropy, as a very important method of measuring uncertain information, has been
discussed by many researchers. It is used to obtain the weights of criteria (Hung, Yang 2008;
Wang, Li 2011; Xia, Xu 2012; Ye 2011; Zhang, Yu 2012).

According to the entropy of a probability distribution introduced by Shannon (1948),
Kullback and Leibler (1951) defined the cross entropy measure between two probability
distributions P ={p,, p,,...p,} and Q={q;,4,,....q,} as follows:

H(P,Q)= z;;,logz . (11)

i
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Since Eq. (11) is neither symmetric nor satisfied the triangle inequality, it is not a “dis-
tance” in the formal sense.

ByEq. (11),forany twofuzzysets A = {A(x;), A(x;),..,A(x, )} and B={B(x,),B(x,),...B(x,)}
on the finite set X = {x ,x,,...,x }, Shang and Jiang (1997) proposed a modified fuzzy cross
entropy measure:

1-A(x;)
—1(B(x;))+ A(x;))

+(1-A(x;))log, "

2 Al
HS](A>B)_ ;[A(xi)logz %(A(Xi)"‘B(xi))

Recently, Ye (2011) gave the cross entropy between two IVIFSs

A={{x 03 (015 LV )i ()] e X

and
B={{(x 15015 0]y (0),vi ()] | x < X

as follows:

(24 () —vE () 2+ i ()~ v (x,)
Hy(A,B)= lo
! 21:( 4 ? %(4+H1§(xi)_VX(xi)’L“E(xi)_VE(xi))

Zn:Z_MZ(xi)"'Vz(xi)lo Z_HX(xi)“'Vz(xi) ,
p— 4 P (4w () +vE G — () + v ()

where pf(x;)=pp(x;)+pp,(x;), vi(x;)=vy(x;)+vp,(x;) for T=A, B.
Since Hy (A, B) is not symmetric, Ye (2011) further gave a modified cross entropy measure
to a symmetric form between IVIFSs A and B as follows:

Hy(A,B)=Hy(A,B)+ Hy (B, A). (12)

Eq. (12) can be seen as a “distance” in the formal sense. However, there are still two prob-
lems of Eq.(12): on the one hand, for some x; € X, Hy (A, B) is not a number when A(x;)
and B(x;) are both crisp values; on the other hand, it only considers the interval-valued
membership and non-membership information. Considering the interval-valued hesitation
information, we give another cross entropy measure between any two IVIFSs A and B on the
finite set X = {x,,x,,...,x, } as follows:

noq| 2405 () + P () (x) — v () = P (x)m (x;)
H(A.B)=Y e SO R
oan 4

3+ph(x)+ PMX (x)m () —vih (x;) — PVX (x)m (x;)

log, +
%(6 +ph () + Pu; () () = v (%) — PVX (x)mh (o) + g (x) + PHE () (o) = v () — Pvg (x5 (x; ))
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2-ph(x)— PMX (x)mh (o) + v (x;) + Pv; (x)mh (x;)

4

X

3—-ph(x;) _PHX (x)m () +vh (x) + PVX (x)mh (%;)

log, , (13)
%(6 —uh (x,.)fPMX (x)m () + v (x) + P"X (x)m} (o) — g (x;) 7Pu§ (x)mg (o) + v (x;) + PVE (x;)m3 (x; ))
+ +
where 75(x;) =y (%) + g, (x;), Pu* (x;)= % and P (x;)= % for T=A, B.
T T

Remark 2. For any IVIES A, the possibility that the hesitation information tends to be
the membership information is PHX (x;)=ph(x;) / 2, and the possibility that tends to be the
non-membership information is PVX (x;)=vi(x;) / 2.

From the relationship between the hesitation information, the membership information
and the non-membership information, we know Eq. (13) can be equivalently expressed by:

H(A,B)zlzn: 2+(”7&( )~ VA(4 ))(1+7rA(x)/2)
i=1

3+ (i () = v () (1+ 75 (%) 2) .
& "6+ (0= v ) (145 ()2) + () — v ) (1+ 5 x,) 2))

2+(v;(x,.)-p;(xi))(1+n;(x,.)/z)X
4

(14)

log 3+(vz(xi)—ug(xi))(l+ng(xi)/Z)
2 %(6+ (v G 1 () (1 5 () /2) + (v () — g () (1+ ng(x,.)/z)) .

However, H(A, B) is not symmetric, so it should be modified to a symmetric cross entropy
measure as follows:

H*(A,B)=H(A,B)+ H(B,A). (15)

It is not difficult to find that the cross entropy measure H * (A, B) between IVIFSs A and
B satisfies the following properties:

(i) H*(A,B)=0;

(i) H*(A,B)=0 ifand onlyif A=B;
(iii) H*(A,B)=H*(AC,BC);

(iv) H*(A,B)=H *(B,A);

(v) H*(A,B)<H*(A,D), H*(B,D)<H*(A,D) forany DeQ with Ac Bc D.
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3.2. The models of obtaining the optimal 2-additive measures

Now, we consider a multi-criteria group decision making under interval-valued intuitionistic

fuzzy environment. Let A = {‘11’ Ay ..., am} be the set of alternatives, C = {c ey C } be the
set of criteria, and E = {e, e,,.. .,eq} be the set of experts. Assume that [a Z’;,bl’;] and [c,’;,dk ]

are the interval degrees of membership and non-membership of the alternative a satisfies the

criterion c. given by the expert e,, respectively, where [a k bk1<[0,1] and [ck dk 1<[0,1] with

&j>jj Cij»
bk d,’; <1.In other words, the evaluation of the alternative a, w.r.t. the criterion ; given by
~k —(14k bk k gk i— = =
the expert e, is an IVIFV a ([ l]’blj] [cy,d ]) (i=12,...mj=12,...,mk=12,...,9).

By Dk —( ]) , we denote the IVIFV matrix given by the experte, (k=1,2,...,9).

Since the experts’ knowledge, skills and experiences are different, it is unreasonable to
give an expert the same weight w.r.t. different criteria. Furthermore, the importance of an
expert is not only determined by itself, but also influenced by other experts. Namely, it is a
relative value. So it is not suitable to give the weights of the experts by using additive measures.

In order to overall reflect the interaction among experts, we shall use their Banzhaf values
as their weights. According to the cross entropy principle, the following model is introduced
to determine the optimal 2-additive measure on expert set E for the criterion ¢, (j=1,2, ..., n).

9 4 . .
max » > H*(P/,P)p, (W,E),

k=11=1
Z (},Lj(ek,el)—;,lf(el)) >(|S|-2)ui(e;), VSCE, Ve, €S, |S[22,
e =S\ey
sit. > wiene)-(|E|-2) > wie)=1, (16)
{er-e}cE e;€E
uf(ek)eWe]];, uj(ek)z 0, k=12,..q

where 0, (W, E) is the Banzhaf value of the expert e (k = 1,2,...,9), u/ is the 2-additive
measure on expert set E for the criterion c;, P! is the ]th column of the IVIFV matrix DX,
and W] is the range of the expert e, for the criterion ¢(=12,....n).

From Eq. (8), we further have:

max 2qZZH*(P1,pJ)w(ek ZZZH*(PJ,PJ)(H](ek»ez) W(ez))

k=11=1 k=11=1

Y (wilepe)—1i(e))2(|S|-2ui(ey), VSCE, Ve €S, S22,

e;c=S\ey
sit. Y. Wilee)-(E[-2) Y wie)=1, (17)
{e-e}cE e;eE

uj(ek)eWe]k, wie)=0, k=12,..q.

After solving the model (17), we get the optimal 2-additive measure on expert set E for
the criterion c, (j=1,2,...,n). By Eq. (8), we get the Banzhaf values of the experts for the
criterion ¢, (j = 1,2, ..., n), which are used as the experts’ weights.
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Similar to the model for the optimal 2-additive measure on expert set, we give the fol-
lowing model for the optimal 2-additive measure on criteria set C.

max ZZH (R;, R)Q, (1,0);

j=1l=1
Z (u(cj,cl)—u(c,) (IS[-2)nlc;), VScC, Ve, €S, |S22,
clgS\cj
st Y pleje)=(C1-2) Y uie;) =1, (18)
{Cj,Cl}QC cjeC

u(cj) € Wcj ,u(cj) 20, j=12,..,n,

where P, (u,C) is the Banzhaf value of the criterion ¢(j=12..,n),pis the 2-additive
measure on criteria set C, R; is the jth column of the comprehenswe IVIFV matrix R, and
WC_ is the range of the crlterlon C..

"From Eq. (8), we further obtain:

3
max

Y S (R R+ 2D H (R R ) (e

j=tl=1 j=11=1

> ( nice)— pcl) (IS]-2ulc;), VS=C, V¢, €S, [S[22,

clgS\c
st > ulpe)=(C1-2) Y ue))=1, (19)
{cj,c,}gC cjeC

u(cj) € Wj,u(cj) 20, j=12,..,n.

After solving the model (19), we obtain the optimal 2-additive measure on criteria set C.
By Eq. (8), we get the Banzhaf values of the criteria, which are used as the criteria’s weights.

4. Approaches to pattern recognition and multi-attribute group decision making

4.1. An approach to pattern recognition

Consider a pattern recognition problem. Let A={A,A,, ..., A } be the set of the evaluation
and selection elements, and C = {C1> Cpronns cn} be the set of features. In practical problems, due
to the insufficiency in information availability, it is not easy to identify the exact values of the
membership and non-membership. Here, assume that the evaluation of each element A w.r.t.
each feature ¢, (j=1,2, ..., n) is an IVIFV. From analysis above, we develop an approach to
some pattern recognition problems under interval-valued intuitionistic fuzzy environment.
The decision procedure is described as follows:

Step 1: Suppose that there exist m patterns A={A,A,...,A } and n features
C= {cl, Cprenos cn}. The evaluation of each pattern A wrt. the features C is an IVIFS:

{<[b,],b+] [d;d >|j=1,2,...,n} i=1,2,..,m
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Furthermore, assume that there is a sample to be recognized, which is represented by an

IVIES &= K FLU £ G =12n).

Step 2: Use the model (19) to get the optimal 2-additive measure on feature set C, and
calculate their Banzhaf values by Eq. (8).

Step 3: Calculate the Banzhaf weighted cross entropy measure between A, and
€ (i=1.2,...,m)using WH *(A,B)=WH(A,B)+WH(B,A) , where:

WH(A,B) = i‘Pi(H’C) 2+(”X(xi)—VX(Zi))(l+7t;§.(xi)/2) y
i=1

i
(o (v )T ma ) 2]+ (3o vi) ) (Lo i) 2))

+(v;(xg-u;(xg)(y+n;(xg/z)X
4

3+(vj1(xi)—u;(x )(1+TEA /2)
16 (v —ns (o)) (1 5 () /2) + (v o) = ) ) (L /z»

Step 4: Select the smallest one.

Step 5: End.
Example 1. Assume that there are four kinds of minerals A = {A, A, A

cognized sample &, which are represented by the IVIFSs in the feature space C = {c,, c,, c,}.

Suppose we have the following dates.

A1=szﬁALm4ﬁ5D(mzﬁ3 0.4,0.6]

» A} and a re-

(0607[020ﬂ
{

i
{w203 ,[0.4,0.61),([0.3,0.4],[0.3,0.5]),([0.3,0.4], 0406»
{ )
0

)

)
[0204]0405><0203]0406

)X

{ )
Ay ={([0.1,0.4],[0.5,0.6]),
( 2

{m204]o406 ([0.3,0.41,[0.4,0.6]),([0.4,0.71,[0.2,0.3])

s:{QazuﬂJa&05D4mzﬁsLw3n5D4m3n4Lw2n5D}

The importance of features is different, and their range of values are given as [0.25, 0.5],
[0.3, 0.55] and [0.2, 0.35]. Our purpose is to distinguish which kind of minerals does the
recognized sample & belong to. In the following, we can utilize the proposed procedure to
get the recognized sample & belongs to which kind of minerals.

Step 1: By Eq. (15), calculate the cross entropy among A}, A? and A? (i =1,2,3,4),and we get:

H* (Al A2) 0.01, H* (A}, A3) 0.06, H"(A2 A3) 0.07,

where Aij denotes the jth element ofAi (i=1,2,3,4;j=12,3).
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From the model (19), we get the following linear programming:
max —0.035u(c;) - 0.04p(c, ) —0.065p(c5) +0.01u(c;,¢5) +0.06p(cy, ¢5) +0.07p(c, ,¢5)s

H(ep,6p) + pulegc3) + ey, c3) — o) — pley) —pley) =1,
Hey) — ey 65) <O, p(cy) —pley6,) <0,

pley) —pley>63) <0, plez) — pley»e5) <0,

s.t. H(Cz )= H(52>C3) < O,M(C3) - H(CZ,C3) <0,

(e, ) €[0.25,0.5],

u(c,) €[0.3,0.55],

u(c;) €[0.2,0.35].

After solving the above model, we get the optimal 2-additve measure on feature set C as
follows:

e ) =0.25, plc,) = 0.3, u(c;) =0.2, uley,c,) =0.55, puley,c5) =0.45, plcy,c5) =0.75.
By Eq. (8), we obtain the features’ Banzhaf values are:
0,(u,C)=0.25, @, (u,C) = 0.425, @5(11,C) = 0.325.

Step 2: Calculate the Banzhaf weighted cross entropy between A, and e (i = 1,2,3,4),
we obtain:

WH *(A;,€)=0.023,WH * (A,,€) =0.006, WH * (A;,&) =0.011, WH *(A,,€) = 0.014.

Step 3: From step 2, we get € belongs to the second kind of minerals.

4.2. An approach to multi-criteria group decision making

Based on above analysis, we introduce the following approach to interval-valued intuition-
istic fuzzy multi-criteria group decision making. The main decision procedure is described
as follows:

Step 1: The expert e, (k= 1,2, ..., q) evaluates the alternative a, (i = 1,2, ..., m) w.r.t. each

criterion ¢, (j = 1,2, ...,n) by an IVIFV &k =([a§,b{;],[c{;,d§]) (=12 omj=1,2...1

k=1,2,...,9), and form the IVIFV matrix D* = (dfﬁ-) (k=1,2,...,9).
mxn

Step 2: If all criteria ¢ (j=1,2,...,n) arebenefit (i.e., the larger, the greater preference), then
the criteria values do not need normalization. Otherwise, we normalize the decision matrix

d{',(i for benefit attribute ¢ i
Dk:<(xf§.) into Qk:(gz{;.) (k=1,2, ..., q), where 3§ = c
e e (dgj‘-) for cost attribute ¢ j

and ik = ({ek, £51.gh.hE1)(i=1,2, ..., m3j=1,2, ..., m) (see Xu, Cai 2010b; Xu, Hu 2010).

Step 3: Use the model (17), calculate the optimal 2-additive measure | on expert set E
for each criterion ¢ (Gi=12,...,n).
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Step 4: By Eq. (8), calculate the Banzhaf values of the experts for each criterion

c(j=12,...,n).
J
Step 5: Foreachi=1,2,...,mand eachj=1,2, ..., n, use the GABIVIFGC operator:

“7ij = GABIVIFGC(%}j,ij,...,X?j) =
q jE) 4 (W/,E) q (W ,E) 9 (W ,E)
chpe(u @, (1 _n_k“’e“ _H_kweu
(lik—l(eij) k ’k=1( 2 :Hl kzl(1 &) a k=1(1 &) * ’

to get the collective IVIFV v;; = ([uij,vij],[xij, }/,-j]), and the comprehensive IVIFV matrix
R= (?1] )mxn :
Step 6: Apply the model (19), solve the optimal 2-additive measure p on criteria set C.
Step 7: By Eq. (8), calculate the Banzhaf values of the criteria.
Step 8: Apply again the GABIVIFGC operator:

¥; = GABIVIFGC(Y,1, Y125 ¥in) =

"o (wC) 1 e (uC) n 9. (w0) n 9, (w0)
11”’] ] $1:[Vlj ] > I_I:I(I_xlj) / )1_1:[(1_)’,]) / >
Jj= j=1 Jj=1 j=1

to get the synthetical value 7; = ([0, 0t;, 1.[B;1,By, 1) of the alternative a, (i = 1,2, ..., m).
Step 9: Let

m m m m
V= [nl;_:aixai,,lTil_ellXociu],[nii_ilnﬁil,r?_ilnﬁm] ’

and

m m m m

V= ([gﬁpau,ng_in%Mn;_aIXBiz,ng_alXBm 1]-

Calculate the cross entropy measures between H *(y;,y") and H*(y;,y7) (i=1,2,...,m).
H*(y,77)

. H*(7,77)+H*(¥;,77)

select the biggest one.

Step 11: End.

Example 2. Suppose there is an investment company, which wants to invest a sum of
money in the best option (adapted from Ref. Tan 2011b). There is a panel with five possible
alternatives to invest the money: a, is a car company; a, is a food company; a, is a computer
company; a, is an arms company; a, is a TV company. The investment company must take
a decision according to the following four criteria: c, is the risk analysis; c, is the growth
analysis; ¢, is the socio political impact analysis; c, is the environmental impact analysis.
The five possible alternatives a, (i = 1,2,3,4,5) are to be evaluated using the interval-valued
intuitionistic fuzzy information by three decision makers e, (k = 1,2,3), as listed in the

Step 10: Let d; = (i=1,2,...,m). According to d; (i = 1,2,...,m),

following matrices:
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(10.4,0.51,[0.3,0.4]) ([0.4,0.6],[0.2,0.4]) ([0.1,0.3,[0.5,0.6]) ([0.3,0.4],[0.3,0.5])
([0.6,0.71,[0.2,0.3]) ([0.6,0.7],[0.2,0.3]) ([0.4,0.7],[0.1,0.2]) ([0.5,0.6],[0.1,0.3])
=| ([0.6,0.7],[0.1,0.2]) ([0.5,0.6],(0.3,0.4]) ([0.5,0.6],[0.1,0.3]) ([0.4,0.5],(0.2,0.4]) |,
(10.3,0.4],[0.2,0.3]) ([0.6,0.7],[0.1,0.3]) ([0.3,0.4],[0.1,0.2]) ([0.3,0.7],(0.1,0.2])
(10.7,0.81,[0.1,0.2]) ([0.3,0.5],(0.1,0.3]) ([0.5,0.6],[0.2,0.3]) ([0.3,0.4],[0.5,0.6])
([0.3,0.4],[0.4,0.5]) ([0.5,0.6],[0.1,0.3]) ([0.4,0.5],[0.3,0.4]) ([0.4,0.6],[0.2,0.4])
([0.3,0.6],00.3,0.4]) ([0.4,0.7],[0.1,0.2]) ([0.5,0.6],[0.2,0.3]) ([0.6,0.7],[0.2,0.3])
D? =| ([0.6,0.8],[0.1,0.2]) ([0.5,0.6],(0.1,0.2]) ([0.5,0.7],[0.2,0.3]) ([0.1,0.3],[0.5,0.6]) |,
([0.4,0.51,[0.3,0.5]) ([0.5,0.81,(0.1,0.2]) ([0.2,0.5],[0.3,0.4]) ([0.4,0.7],[0.1,0.2])
(10.6,0.71,[0.2,0.3]) ([0.6,0.7],[0.1,0.2]) ([0.5,0.7],(0.2,0.3]) ([0.6,0.7],[0.1,0.3])
([0.2,0.51,[0.3,0.4]) ([0.4,0.5],0.1,0.2]) ([0.3,0.6],(0.2,0.3]) ([0.3,0.7],0.1,0.3])
(102,0.71,[0.2,0.3]) ([0.3,0.6],[0.2,0.4]) ([0.4,0.7],[0.1,0.2]) ([0.5,0.8],(0.1,0.2])
D =| ([0.5,0.61,(0.3,0.4]) ([0.7,0.8],[0.1,0.2]) ([0.5,0.6],[0.2,0.3]) ([0.4,0.5],(0.3,0.4])
(10.3,0.6],[0.2,0.4]) ([0.4,0.6],(0.2,0.3]) ([0.1,0.4],[0.3,0.6]) ([0.3,0.7],(0.1,0.2])
(10.6,0.71,[0.1,0.3]) ([0.5,0.6],[0.3,0.4]) ([0.5,0.6],(0.2,0.3]) ([0.5,0.6],[0.2,0.4])

205

Assume that the interval-valued weighting vectors of the experts are respectively given as:

w = ([0.3,0.5], [0.4, 0.5], [0.1,0.2], [0.15, 0.3]),
w, = ([0.2,0.3],[0.2,0.3], [0.3, 0.4], [0.35, 0.5]),
= ([0.25, 0.4], [0.2, 0.3], [0.25, 0.3], [0.3, 0.45]),

and the interval-valued weighting vector of the criteria is given by w = ([0.3, 0.4], [0.15, 0.25],
[0.2,0.25] [0.25, 0.3]). In the following, we can utilize the proposed procedure to get the most

desirable alternative(s).

Step 1: Since ¢, (the growth analysis) is benefit criterion, and ¢ (the risk analysis), c, (the
socio- political impact analysis) and ¢, (the environmental impact analysis) are cost criteria,

we need to normalize the given matrices as listed in the following.

(103,0.41,[0.4,0.5]) ([0.4,0.6],[0.2,0.4]) ([0.5,0.6],[0.1,0.3]) ([0.3,0.5],[0.3,0.4])
([0.2,0.3],[0.6,0.7]) ([0.6,0.7],[0.2,0.3]) ([0.1,0.2],[0.4,0.7]) ([0.1,0.3],[0.5,0.6])
Q' =/ ([0.1,0.21,[0.6,0.7]) ([0.5,0.6],[0.3,0.4]) ([0.1,0.3],[0.5,0.6]) ([0.2,0.4],[0.4,0.5]) |,
(102,0.3],[0.3,0.4]) ([0.6,0.7],[0.1,0.3]) ([0.1,0.2,[0.3,0.4]) ([0.1,0.2],[0.3,0.7])
(10.1,0.2],[0.7,0.8]) ([0.3,0.5],(0.1,0.3]) ([0.2,0.3,[0.5,0.6]) ([0.5,0.6],[0.3,0.4])
([0.4,0.5],[0.3,0.4]) ([0.5,0.6],[0.1,0.3]) ([0.3,0.4],[0.4,0.5]) ([0.2,0.4],[0.4,0.6])
([0.3,0.4],[0.3,0.6]) ([0.4,0.7],[0.1,0.2]) ([0.2,0.3],[0.5,0.6]) ([0.2,0.3],0.6,0.7])
Q2= ([0.1,0.2,[0.6,0.8]) ([0.5,0.6],[0.1,0.2]) ([0.2,0.3],[0.5,0.7]) ([0.5,0.6],[0.1,0.3])
(10.3,0.51,[0.4,0.5]) ([0.5,0.8],0.1,0.2]) ([0.3,0.4],(0.2,0.5]) ([0.1,0.2],[0.4,0.7])
(10.2,0.3],[0.6,0.7]) ([0.6,0.71,[0.1,0.2]) ([0.2,0.3],[0.5,0.7]) ([0.1,0.3],0.6,0.7])
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(10.3,0.4],[0.2,0.5]) ([0.4,0.51,[0.1,0.2]) ([0.2,0.31,[0.3,0.6]) ([0.1,0.3],[0.3,0.7])
(10.2,0.31,[0.2,0.7]) ([0.3,0.6],[0.2,0.4]) ([0.1,0.2],[0.4,0.7]) ([0.1,0.2],[0.5,0.8])
=|([0.3,0.4],[0.5,0.6]) ([0.7,0.81,[0.1,0.2]) ([0.2,0.3],[0.5,0.6]) ([0.3,0.4],[0.4,0.5]) |.
([0.2,0.41,[0.3,0.6]) ([0.4,0.6],[0.2,0.3]) ([0.3,0.6],[0.1,0.4]) ([0.1,0.2],[0.3,0.7])
(10.1,0.3],[0.6,0.7]) ([0.5,0.61,(0.3,0.4]) ([0.2,0.3],[0.5,0.6]) ([0.2,0.4],[0.5,0.6])

Step 2: By Eq. (15), weget H*(PL,P})=0.06, H*(P},P})=0.062and H *(P},P})=0.065.
From the model (17), we have:

max —0.061! (e;) —0.0625u (e, ) — 0.0635p! (e5) + 0.061! (e;, €, ) +0.06211! (), 5) +0.0651! (e,  e5)
ey ey) +pt(eg es) +pt(ey,e5) —pi(ey) — ' (ey) — ki (e;) =1,
(e;)—ul(e;,e,) <0,ul(e,)—pl(ee,) <0,

ue) —ul(ep,e3) <0,ut(e3) —pl(e;,e5) <0,
st.qut(ey)—pl(ey,e) <0,ut(es)—pl(ey,e3) <0,
ul(e) €[0.3,0.5],
ul(e,)€[0.2,0.3],
ul(e;) €[0.25,0.4].

After solving the above model, we get the following optimal 2-additve measure ' on E
for the criterion ¢ :

ul(e)=0.3, ul(ey) =0.2, pul(e;) =0.25, ul(e;,e,) =0.5, pl(e;,e5)=0.55, pl(e,,e;)=0.7.

Similarly, we have:

H*(P2,P})) (0.071) (H*(P3,P})) (0.114) (H*(BLPH) (0271
H*(P2,P}) |=|0.097 || H*(P3,P}) |=| 0.210 || H* (R, P) [=| 0.130

H*(P},P})) \0.104) | H*(P3,P})| (0.031) | H*(P,pt) | |0.112
and
2 (e) 0.4) (K (e) 0.1 ) [1*e) 0.15
n(e,) 02| | u(ey) 0.3 | | n(ey) 0.35
u?(e;) 0.2 | | u3(ey) 0.25 | | put(ey) 0.3

Hz(epez) 0.6 | | p? (e1,€;) 0.4 pt (e5€,) 0.7
Hz(epes) 0.6 u? (e1,€3) 0.7 pt (e)5€3) 045
H2(32’63) 0.6 u3(ez,e3) 0.55 u4(82,€3) 0.65

Step 3: From Step 2 and Eq. (8), we get the Banzhaf values of the experts w.r.t. each cri-
terion as listed in Table 1.
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Table 1. The Banzhaf values of the experts w.r.t. each criterion

Criterion ¢,  Criterion¢, Criterionc, Criterion c,

The Banzhaf value @, of the expert e 0.3 0.4 0.275 0.25
The Banzhaf value @, of the experte, 0.325 0.3 0.3 0.45
The Banzhaf value 9, of the expert e, 0.375 0.3 0.425 0.3

Step 4: Use the GABIVIFGC operator, we get the following comprehensive IVIFV matrix
([0.33,0.43],0.30,0.47])([0.43,0.57],[0.14,0.31])([0.29,0.40],[0.28,0.50]) ([0.18,0.39],[0.35,0.59])
(0.32,0.671,[0.23,0.33])([0.43,0.67],[0.17,0.30]) ([0.12,0.23],[0.43,0.671)([0.14,0.271,[0.55,0.71])

=| ([0.56,0.69],[0.18,0.28])([0.55,0.65],[0.19,0.29])([0.17,0.301,[0.50,0.63] ) ([0.34,0.48],[0.28,0.42] )
((0.33,0.501,[0.23,0.41])([0.50,0.70],[0.13,0.27])([0.22,0.39],[0.19,0.43] ) ([0.10,0.20],[0.34,0.70] )
([0.63,0.73],[0.13,0.27])([0.43,0.58],[0.17,0.30] ) ([0.20,0.30],[0.50,0.63] ) (0.18,0.39],[0.51,0.61])

Step 5: From the comprehensive IVIFV matrix R = (?ij )mxn and Eq. (15), we have:

H*(R;,R,)=0.085, H*(R,,R;)=0.557, H*(R,,R,)=0.496,
H*(R,,Ry)=0.607, H*(R,,R,)=0.680, H*(R5,R,)=0.130.

By the model (19), we have:

max —1.138p(c;) —1.372u(c, ) —1.294p(c5) —1.306p(c, ) + 0.085u(c; ¢, ) +
0.557p(c;5¢5) +0.496p(c ¢, ) +0.6071(cy 5 ¢5) +0.68(c,, ¢4 ) +0.13u(cs,¢4)

pley) +pley) — ey 65) <0,y ) + ples) — pley,e3) <0,
pey) +pley) —leprey) S0,pu(ey) + ples) —pley,e5) <0,
M(Cz)+M(C4)—M(Cz’C4)SO,M(€3)+M(e4)—u(€3,€4)SO,
pley) +uley) +ules) —plep,ep) ey 63) <0,

H(ey) + pley) + ples) — ey, 65) —ulep,653) <0,

ulep) +pley) + ples) —plep,65) —pley,e3) <0,

plep) +pley) +pley) —plepscy) —pley 4 ) <0,

Hey) + pley) + pley) — lepp65) — pley,64) <0,

pley) +uley) +pley) —mlep€4) = Rley5€4) <0,

ulep) +ples) +pley) —plepse3) — plep,ey ) <0,

ue)) +ples) +ley ) —plepsc3) — ey, ) <0,
H(C1)+H(C3)+H(C4)_ (C2,C4)—M(C3,C4)<O

u(cy) +les) +uley) —uley,c3) —ulcy,c4) <0,

Hey) + H(es) + ey~ Bleyncy) — (s, SO,

pley) +le3) +puley ) —uley,c) —les,c4) <0,
H(er,60) + 1l e3) + ey e4) + ey, c3) + 1(cy564)
+lesscq) = 2(ulcy) +plcy) +plez) +uley)) =1,

u(e;) €[0.3,0.4],u(c,) €[0.15,0.25],u(c;) €[0.2,0.25], p(c, ) €[0.25,0.3].

s.t.
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After solving e the above model, we get the following optimal 2-additve measure ¢ on
criteria set C:

p(c;)=0.3, ulcy) =0.15, p(c;) =0.2, ple,) =0.25, ulcy,c,) =0.45, ulc;,c5) =0.5, plcy,c,) =0.55,
p(cy,c3)=0.35, plcy,¢y) =0.5, plcsscy) =0.45.

Step 6: From Eq. (8), we obtain the criteria Banzhaf values:

¢, (1,C)=0.3, 9,(11,C) =0.2, 95(1,C)=0.2, ¢, (1,C) =03.

Step 7: Use again the GABIVIFGC operator, the synthetical IVIFVs of the criteria are
obtained by:

7 (10.28,0.44],[0.28,0.49] )
7, | |(00.22,0.41],[0.37,0.54])
75 |=| ([0.38,0.52],[0.29,0.41]) |.
V4| | (0.23,0.39],[0.24,0.50])
¥s) | ([0.32,0.48],[0.35,0.48])

Step 8: By v,(i = 1,2,3,4,5), we get y* =([0.38,0.52],[0.24,0.41]) and v~ :([0.22,0.39],
[0.37,0.54]). Calculate the cross entropy between ¥,(i = 1,2,3,4,5) and ¥,

H*(yp,Y") ] (0.044
H*(¥,,77) | |0.136
H*(75,7") |=| 0.001 |,

H*(7,,77) 0.069
H* (?5’?+) 0.038

and calculate the cross entropy between y; (i = 1,2,3,4,5) and y~,

H*(y;>77) | (0.031
H*(y,,77) | |0.000
H*(75,77) | =] 0.120 |-
H*(7,,77)| |0015
H*(?S,?’) 0.037

Step 9: From H*(y;,y") and H*(y;,77) (i = 1,2,3,4,5), we obtain:
d, =041, d, =0, dy; =0.99, d, =0.18, d; = 0.49.

Thus, d; >d; >d, >d, >d,. Namely, a, (computer company) is the best choice.
In Step 7, if we adopt the order relationship between IVIFVs given by Xu (2007c), then
we have y; >¥s >¥, >V, >7,, which is the same as the ranking results above.
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In Step 8, if we let y*
entropy measures:

= ([1,1],[0,0]) and Yy~ = ([0,0],[1,1]), then we get the following cross

H™(77) | (0.095) [H*Gp77) | (0075

H™* (7,7 | [o0112| | H*(7,77) | |0.061

H'*(3,¥") |=] 0.065 |, | H'*(¥5,77) |=| 0.107 |-

H'* (7% | 0108 | | H'*(7,,77) | |0.063

H'*(Vsa\fr) 0.044 H'*(?S’?—) 0.118
From H'*(y;,y*) and H"*(y;,77) (i = 1,2,3,4,5), we have:

d, =0.44, d, =0.35, d, =0.62, d, =0.37, d; =0.73.

Thus, ds >d, >d, >d, >d,. Namely, a, (TV company) is the best choice, which is different
to the ranking results obtained above.
From this example, we can find that some disadvantages for using ([1,1],[0,0]) and
([0,0] ,[1,1]) as the positive and negative ideal points, respectively, actually exist.
In this example, if the IVIFCA operator (Xu 2010) is applied to calculate the compre-
hensive IVIFV matrix, then it has:

[0.32,0.42],(0.27,0.48])([0.42,0.56],[0.13,0.29])([0.27,0.371,{0.29,0.53])([0.19,0.39],[0.35,0.59])
[0.22,0.32],[0.30,0.68])([0.46,0.66],[0.20,0.34])([0.13,0.23],[0.43,0.671)([0.16,0.27],[0.55,0.71])
[0.15,0.26],[0.57,0.72])([0.55,0.65],[0.16,0.26] ) ([0.16,0.30],[0.50,0.63] ) ([0.35,0.48],[0.25,0.42]) |.
[0.22,0.39],[0.32,0.51])([0.51,0.69],0.13,0.28]) ([0.22,0.38],[0.20,0.43])([0.10,0.20],[0.35,0.70])
[ ( )

)
(10.12,0.27],[0.63,0.73])([0.45,0.59],[0.16,0.31])([0.20,0.30],[0.50,0.63] )([0.20,0.391,[0.51,0.61]

(
(
=/
(

Furthermore, if the IVIFCA operator (Xu 2010) is applied to calculate the comprehensive
IVIFV z; of the alternative a, (i = 1,2,3,4,5), then it has:
5\ [(00.30,0.43],[0.26,0.48])
z, | |(00.23,0.36],[0.35,0.62])
z; |=|([0.28,0.40],[0.30,0.47]) |-
Zy | [([0.25,0.41],[0.26,0.49])
%5 ) | (10.21,0.371,[0.39,0.60])

According to the comprehensive IVIFVs z; (i = 1,2,3,4,5), we get the following cross
entropy:

H*(z,,2°) ) (0.0000) [H*(Z,27) ] (0.0235
H*(z,,z") | 0.0171 | | H*(z,,27)| | 0.0007
H*(Z;,z%) |=] 0.0008 |, | H*(z5,27) |=| 0.0179 |
H*(Z,,z7)| | 00011 | | H*(z,,z")| |0.0178
H*(Z5,2%) 0.0194 H*(Z5,27) 0.0005

where z* =([0.30,0.43],[0.26,0.47]) and z~ =([0.21,0.36],(0.39,0.62]).
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From H*(z;, z*)and H*(Z;, z7) (i = 1,2,3,4,5), we have:
d, =1, d,=0.04, d; =096, d, =0.94, ds =0.02.

Thus, d, >d; >d, >d, >d;. Namely, a, (car company) is the best choice.
In this example, if the IVIFGA operator (Xu 2010; Tan 2011b) is applied to calculate the
comprehensive matrix, then it has:

(10.32,0.421,[0.29,0.48])([0.42,0.56],[0.14,0.31])([0.25,0.35],[0.31,0.55] ) ([0.17,0.38],[0.36,0.61] )
(10.22,0.321,[0.37,0.68])([0.42,0.66],[0.20,0.34])([0.12,0.23],[0.43,0.67])([0.15,0.271,[0.56,0.72])
=|([0.13,0.24],[0.58,0.73])([0.53,0.64],[0.19,0.29])([0.15,0.30],[0.50,0.63] ) ([0.31,0.461,[0.31,0.44]) |.
(10.22,0.38],[0.32,0.53])([0.49,0.68],[0.14,0.28])([0.18,0.32],[0.22,0.43]) ([0.10,0.20],[0.36,0.70] )
(10.11,0.271,[0.63,0.73])([0.42,0.58],[0.19,0.32])([0.20,0.30],[0.50,0.63])([0.16,0.36],[0.53,0.64])

Furthermore, if the IVIFGA operator (Xu 2010; Tan 2011b) is applied to calculate the
comprehensive IVIFV z; of the alternative a (i = 1,2, 3,4,5), then it has:

(10.25,0.41],[0.30,0.52])
(10.19,0.31],[0.44,0.66])
z |=|([0.21,0.37],(0.43,0.57])
(10.18,0.32],[0.29,0.55])
(10.17,0.34],[0.52,0.63] )

According to the comprehensive IVIFVs z; (i = 1,2,3,4,5), we get the following cross
entropy:
H*(2,,2") ] (0.0000) [H*(z,27) | (0.0387
H*(z,,27) | 0.0215| | H*(2,,27) | |0.0033
H*(z;,z%) |=| 0.0075 |, | H*(z3,z7) |=| 0.0110 |,
H*(z,,z7) | |00068| | H*(z,,z7)| |0.0233
H*(Z5,2") 0.0242 H*(%5,27) 0.0002

where z* =([0.25,0.41],(0.29,0.52]) and z~ =([0.17,0.31],[0.52,0.66])
From H*(z;, z*) and H*(z;, z7) (i = 1,2,3,4,5), we have:

d =1,d,=0.13, d,=0.59, d, =0.77, d5 =0.01.

Thus, d, >d, >d; >d, >d;. Namely, a, (car company) is the best choice. With respect to
the different aggregation operators, ranking results are obtained as shown in Table 2.
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Table 2. Ranking results with respect to the different aggregation operators

Operator Ranking order
The GABIVIFGC operator dy>ds>d >dy>d,
The IVIFCA operator dy>dy>d,>d, >d;
The IVIFGA operator dy>d, >d;>d, >d;

The ranking results show that different optimal alternatives may be yielded by using differ-
ent aggregation operators, and thus, the decision makers can properly select the aggregation
operators according to the underlying interest and demands to each individual problem.

Conclusions

When we deal with the real decision making problems, it is unreasonable to use the additive
measures because the independence among elements in a set usually violates. Based on the
Choquet integral and the generalized Banzhaf index, we put forward the GBIVIFGC operator,
which not only globally considers the importance of elements or their ordered positions,
but also overall reflects the correlations among them or their ordered positions. In order to
simplify the complexity of solving a fuzzy measure, we further introduce the GBIVIFGC op-
erator w.r.t. 2- additive measure. Moreover, we give a new cross entropy measure for IVIESs.
When the information about weights of experts and criteria is partly known, the models of
getting the optimal 2-additive measures on them are presented, respectively. Then, we de-
velop an approach to pattern recognition and multi-criteria group decision making under
interval-valued intuitionistic fuzzy environment. And one thing which is worth pointing out
is that when the features, the criteria and the experts are respectively independent, we can
get the corresponding methods based on additive measures.
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