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Abstract. The Maclaurin symmetric mean (MSM) can capture the interrelationship among the
multi-input arguments and it also can generalize most of the existing operators. Now MSM has been
extended to intuitionistic fuzzy sets (IFSs) which can easily express the vague information. However,
the operational rules of IFSs used in the extended MSM operator didn't consider the interaction
between the membership function and non-membership function, so there are some weaknesses.
In this paper, in order to combine the advantages of the MSM and interaction operational rules
of IFSs, we propose the intuitionistic fuzzy interaction Maclaurin symmetric mean (IFIMSM) op-
erator, the intuitionistic fuzzy weighted interaction Maclaurin symmetric mean (IFWIMSM) op-
erator, respectively. Furthermore, we research some desirable properties and some special cases of
them. Further, we develop a new method to deal with some multi-attribute group decision-making
(MAGDM) problems under intuitionistic fuzzy environment based on these operators. Finally, an
illustrative example is given to testify the availability of the developed method by comparing with
the other existing methods.

Keywords: intuitionistic fuzzy set, Maclaurin symmetric mean operator, multi-attribute group
decision-making.

JEL Classification: C44, C60.

Introduction

Now MAGDM has been applied in all kind of fields more and more widely (Celik, Gumus, &
Alegoz, 2014; Giirbiiz & Albayrak, 2014; Mulliner, Malys, & Maliene, 2015; Rabbani, Zamani,
Yazdani-Chamzini, & Zavadskas, 2014; Zhang, & Guo, 2016; Wu, Cao, & Li, 2016; Tian,
Wang, & Wang, 2017), the goal of these decision-makings is to select the best one from the
finite alternatives according to some attributes. So it is very important for some individuals
and enterprises to make a reasonable decision. Because the complexity of decision-making
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problems and decision-making environments, it is usually difficult to describe attribute val-
ues of alternatives by real values. Zadeh (1965) proposed the theory of fuzzy sets (FSs) firstly,
which provided a convenient tool to express fuzzy information. Whereas, because FS only
has the membership function, so it is difficult to describe some complex fuzzy information
sometimes, then Atanassov (1986, 1989) proposed the intuitionistic FSs (IFSs) to express
more complex fuzzy information, which are composed of a membership function and a non-
membership function. Obviously, IFS can deal with the vague information more accurately
and effectively than the traditional FS. In recent years, the theory of IFSs has been widely
studied and a great deal of achievements have been made, such as operations on IFSs (De Ku-
mar, Biswas, & Roy, 2000a), distance measures between IFSs (Chen, 2007) and applications
in MAGDM problems (Li, 2005; Lin, Yuan, & Xia, 2007; Xu, Huang, Da, & Liu, 2010; Xu,
2011; Zhang, & Xu, 2015; Zhou, Wang, & Zhang, 2016; Uygun & Dede, 2016).

In recent years, information aggregation operators have attracted wide attentions of re-
searchers and have become an important research topic for MAGDM problems ($ahin &
Liu, 2017; Straub & Reza, 2015). Because they have more advantages than traditional ap-
proaches such as TOPSIS (Wang, Liu, Li, & Niu, 2016b), VIKOR (Tavana, Mavi, Santos-
Arteaga, & Doust, 2016), TODIM (Liu & Teng, 2016; J. Wang, J. Q. Wang, & Zhang, 2016a),
PROMETHE (Montajabiha, 2016) and so on. Aggregation operators can provide the com-
prehensive values of the alternatives and then give the rankings on the basis of them, while
traditional approaches can only give the ranking results. In general, we consider information
aggregation operators from two aspects: the functions and the operations.

(1) For the functions, the traditional aggregation operators (Xu, 2007; Xu & Yager, 2006)
only can aggregate a set of real values into one. Now some extended aggregation operators
have been developed for some special functions. Meng, Zhang, and Zhan (2015) proposed
the Choquet aggregation operator for intuitionistic fuzzy numbers (IFNs), which considers
the interaction among aggregating parameters; Wang, Zeng, and Zhang (2013) proposed
dependent aggregation operators for IFNs which can relieve the influences of unreasonable
data by dependent weights; Xu and Yager (2011) proposed Bonferroni mean (BM) operators
for IFNs and Yu and Wu (2012) proposed Heronian mean (HM) operators for interval-valued
IFNs (IVIFNs) which all can consider interrelationships between aggregating parameters.
Then researches on BM and HM operators have made some achievements (P. D. Liu, Chen,
& J. L. Liu, 2017; Liu, & Li, 2017; P. D. Liu, J. L. Liu, & Chen, 2018; Liu, 2017; Liu, & Chen,
2017; P. D. Liu, J. L. Liu, & Merigd, 2018). However, the BM and HM operators just can
consider the interrelationship between two arguments, further, Qin and Liu (2014) proposed
Maclaurin symmetric mean (MSM) operators for IFNs which consider the interrelationship
among any multi-input arguments by a variable parameter, so it can be more adequate to
solve the MAGDM problems by considering the interrelationships.

(2) For the operations, the traditional operations of IFSs cannot consider the interactions
between membership function and non-membership function, so in some special cases, they
get unreasonable aggregating results, especially when there exist zero in non-membership
of IFSs. For example, let b, =(u1,v1),15 =(u2,v2)be two IFNs, andv, #0,v, =0, then, by
the addition operation by Atanassov (1994), then we can getv; ® v, =0 .In other word, no
matter what value v, is, the result of v; ® v, is still zero because of v, =0, which is an un-
desirable property. To solve this shortcoming, He, Chen, Zhou, Liu, & Tao (2014b) proposed
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the interaction operational rules of IFNs, which can take account of the interactions between
membership function and non-membership function sufficiently and overcome the problem
when the non-membership degree of IFNs is zero.

Because the MSM can consider the interrelationship of any multiple attributes, it is more
general to capture the interrelationship than BM and HM operators because the BM or HM
can only consider two attributes. In addition, IFSs can easily express the complex fuzzy in-
formation. However, because the traditional operational rules of IFSs proposed by Atanassov
(1989) do not consider the interactions between membership function and non-membership
function, in some situations, they may get the unreasonable results, especially when the non-
membership degree is zero. So the aim of this paper is to combine the MSM with the IFSs
with the interaction operational rules, and to develop some interaction MSM operators for
IFNs to overcome the weaknesses of the existing operators based on the new operational
rules on IFNs by He, Chen, Zhou, Han, and Zhao (2014a), He et al. (2014b). The advan-
tages of new proposed operators are that they not only consider the superiorities of MSM,
but also consider the interaction relationship between the membership function and non-
membership function of IFSs.

The rest of this paper is organized as follows. In Section 1, we briefly review the basic
concepts of IFSs, the MSM operator and the new improved interactional operations rules. In
Section 2, we propose some interaction MSM operators for IFNs on the basis of the interac-
tion rules. In Section 3, we propose a MAGDM method with IFNs based on the proposed
IFWIMSM operators. In Section 4, we use some examples to illustrate the effectiveness of
the proposed new method. The conclusions are discussed in last Section.

1. Preliminaries

In this section, some basic concepts were introduced, including the concept and basic
operations of IFS, the interactional operations and the MSM operator.

1.1. IFS

Definition 1 (Atanassov, 1986). Let a set Z be fixed, an IFSb in Z is given by

b={<z,u5(z),v5(z)>|zeZ}, (1)
where u; (z) is the membership function, and v; (z) is the non-membership function. For each
pointz in Z , we have 1 (2) e [0,1],v5(z) €[0,1] and 0< H;;(Z) +v5(z) <1, VzeZ.

In addition, we call T (z)=1- ub(z) v; (z) a hesitancy degree which can meet
0<m; (2)<1, VzeZ (Atanassov 1986, 1989).

To the given element z, each pair of (15 (2),v;(2)) inb is called an IFN (Xu, 2007). For
convenience, we use b = (u;,v;) to represent an IFN which meets u; €[0,1], v; €[0,1] and

0<1/LE7 ~<1

Definition 2 (Chen & Tan, 1994; Hong & Choi, 2000). Let b= ( 13) be an IFN, then the
score function S of b can be defined as follows:

S(l;)=ug —Vp (2)
where S [ 1, 1]
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and the accuracy function H of b is defined as follows:
H(E):ug +VE, (3)

where H(b) e [0,1] , and the larger the accuracy degree H(b) is, the greater b is.
On the basis of the score function and accuracy function, Xu and Yager (2006) developed
a comparison method of IFNs, which can be defined as follows:

(1) If S(b,) > S(b,), then, b, > b,;
(2) If S(b,) = S(b,), then,

If H(b)> H(b,), thenb, > b;
If H(b,)=H(b,), thenb, =b,

Definition 3 (Atanassov, 1994; De Kumar, Biswas, & Roy, 2000a; De Kumar, Biswas, & Roy,
2000b). Let b, = (ul,vl) and b, = (uz,v2 ) be any two IFNs and A > 0, then

(1) l;l@l; :(u1+u2—u1u2,v1v2), (4)
(2) Ay :(1—(1—%)%,%%), (5)
(3) b, ®b, = (wyuys vy +v, — vlvz), (6)
@) b ( —(1-v) ) %

However, the tradltlonal operational rules in Definition 3 have some weaknesses.

Example 1. Suppose A, = (0.5,0.3), A, = (0.6,0.2), Ay = (0.5,09, and the weight vector of them
is ®=(0.35,0.40,0.25). Then by Definition 3, we obtain A= ® 0, A; = (0.5427,0). Obviously,
vy =vy, =0, in other words, v A, (j=1,2) have no effects of the overall result, which is an
undesirable property. In addition, the traditional operational rules also ignore the interaction
between the membership and non-membership.

In order to solve these problems, He, Chen, Zhou, Liu, and Tao (2014b) proposed the
improved rules that consider the interaction between the membership function and the non-
membership function of different IFNs, which are defined as follows.

1.2. The improved operations

Definition 4 (He et al., 2014a, 2014b). Let 51 =(u;,v;) and l;z =(u,,v,) be any two IFNs and
A > 0, and then the interactional operational rules of IFNs are defined as follows:

1)b, ®b =(1—(1—u1)(1—u2),(1—u1)(1—u2)—(1—(u1 +v1))(1—(u2 +v2))); (8)

2)7‘51=(1—(1—”1)A’(1—”1)k—(1—(”1+V1))x); 9)
3) b, @b, =((1=7,)(1=,) = (1= (s + ) (1= (1 +v,) 1= (19 )(1-7,) ) (10)
4) EIK :((1_1’1))L —-(1-(y +V1))}‘,1—(1—V1)7‘). (11)

Theorem 1 (He et al., 2014b). Suppose b, = (u,,v,) and b, =(u,,v,) are any two IFNs, and
AsAq A, >0, then the interactional operational rules of IFNs meet the properties as follows.

(1) b, ®b, =b, ®b; (12)
2) (b, ®b,)* =b* ®b,; (13)
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3) 517“1 @I;lkz 251(}‘1”‘2); (14)

Example 2. If we solve the Example 1 with the improved operational rules in Definition 4,
then we obtain A" =, A; @ 0,A, D w;A; = (0.4562,0.2058). Obviously, this result is more
reasonable. Therefore, the improved operational rules are more practical in some cases, be-
cause of considering the interaction of different IFNs.

1.3. MSM Operators

The MSM, originally introduced by Maclaurin (1729), is a useful technique to capture the
interrelationship among the multi-input arguments, which is given as follows.

Definition 5 (Maclaurin, 1729). Let g, (i = 1,2,~~,n) be a collection of nonnegative real
numbers, and K =12,--,7 is a parameter, the MSM is defined as

k 1/k
2 s
k 1<i) << <n j=1
M) 0.0, EEEE "
n
!
Where(il,i2,~--,ik ) traverses all the k-tuple combination of (1,2,- ‘ -,n) and CK ™
inomi i k!(n—k)!

the binomial coefficient.

Obviously, the MSM has the following properties:

(1) MsM® (0,0,---,0) =0, MSM¥) (a,a,---,a) = a;
) MSM®) (ay,a,,---,a, ) < MSM() (b, b, ---,b, ) , if a, <b, for all i
3) mﬁn{ai} < msm(k) (al,a2,~--,an ) < max{ai}.

2. Intuitionistic fuzzy interaction MSM operators

In this section, on the basis of the improved operational rules of IFNs, we propose the inter-
action MSM operator for IFNs (IFIMSM) and weighted interaction MSM operator for IFNs
(IFWIMSM), and then we will investigate some special cases and properties.

2.1. IFIMSM operator

Definition 6. Let b, (i =12, ~,n) be a collection of IFNs, and k =1,2,---,nis a parameter, then
the IFIMSM operator is a mapping IFIMSM : ®" — @ defined as follows:
K 1/k
@ &b
1<i)<--<ip <nj=1 '/
)=| o)

TEIMSMY) (b, by -+-,b &

; (16)

where @ is the set of all IFNs, (i1 slyste ',ik) traverses all the k-tuple combination of (1,2,~ : ',ﬂ)
1

n! . . . .
and Cl‘l =————— is the binomial coefficient.

kl(n—k)!
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Based on the improved operational rules of the IFNs, we can derive the result shown as
theorem 2.

Theorem 2. Let & =(47:) (i=1.27) pe 4 collection of IFNs and k= 2,1 then, the
result aggregated from (16) is still an IFN, and

IFIMSM® (by,bs,...bn) =

L 1k
k k ck k ck
-l TT =TT ¢TI0, - )| |+ TT TT(-w,-w)| | -
1<) < <ig <n j=1 j=1 1<) <+ <ip <n j=1
1
1k
k ck
H H(l_u’j _vij) >
1<) << <n j=1 1
€1 1k
k k ck k ck
1-1- H 1_H(1_Vij)+H(1_uij —vi/) + H H(l—uij —vi/)
1<i) < <ip <n j=1 j=1 1<i) < <ip <n j=1
(17)
Proof. L
Firstly, we can calculate ® l;l,, and obtain
j=1
ko k k k
Slbif = H(l—vij)—H(l—uij —vij ),I—H(l—vij) s
j=1 j=1 j=1
) e T T ) T
—= bl-} 1 1 (1 vl) (1 u, v ) R
and 1<ij<-<ip<n| j=1 J 10y < iy < i i i i
k k
[T | TT0 DTl )| T TT0w )}
1<) <+ -<ip <n j=1 j=1 1<) <---<ip <n j=1
then we get !
k k Cx
1 ko - - —v, —u, —v,
SR R W (A (e
Cy | 1sij<-<ig<nl j=1 J 1<) << <n j=1 j=1
L L
ck k ck

1<y << <n j=1 j=1 1<i) < <i <n j=1
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Therefore, we have

« 1/k
@ ®b;
1<y <--<ip <m j=1 J _
Cy
1
L 1)k
k k ck k ck
1- H I—H(l—vi )+H(1—ul -V, ) + H H(l—ul -V ) -
J J J
1<i) << <n j=1 j=1 1<i) << <n j=1

[1 ﬁ(l_u"j _Vif) ’

1<i, < <ip <n j=1

—

n Cﬁ

e e

1<) <+ <ip <n j=1 j=1 1<i < <ip <n j=1

So, the theorem 2 is proved.

Example 3: Let 51 = (0.5,0.3) R l;z = (0.6,0.2) and 53 = (0.5,0) be three IFNs, then we can use
the IFIMSM operator to aggregate the three IFNs as follows.

Calculate the comprehensive value b = (u,v) by Eq. (17) (without loss of generality, we
suppose k =2 ), and we get

b ®b, =(0.5+0.6-0.5x0.6-0.5x0.2-0.3x0.6,0.3+0.2-0.3x0.2) =(0.52,0.44) ,

b ®b; =(0.5+0.5-0.5%0.5-0.5x0-0.3x0.5,0.3+0-0.3x0) = (0.6,0.3),

by ®by =(0.6+0.5-0.6x0.5-0.6x0-0.2x0.5,0.2+0-0.2x0) =(0.7,0.2) ,

and 12

. b. S L NN 1)
IFIMSM(Z)(51,52,~3): lgilgzézglsz (bl® 2)@( 2(;) 3)@( L ® 3)
3

=(0.558,0.171):

It is easy to prove that the IFIMSM operator has the following properties.

Theorem 3 (Idempotency). Let l;j =(uj,vj)(j:1,2,~--,n) be a collection of IFNs, if
bj =b=(u,v),j=1,2,~--,n, then

IFIMSM = (byb, -+, ) =b=(u,v). (18)
Proof.

Since Z;j = (u,v) (j=1,2,...,n), then based on formula (17), we have
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IFIMSM®) (b,,b,.,...b,) =

L \k
k k ck k ck
1- H 1—H(l—v)+H(1—u—v) + H H(l—u—v) -
1<i; <-+-<i <n =1 j=1 1<) <+ -<ip <n j=1
1
1k
k ck
H H(l—u—v)
1<) <+ <ip <n j=1
1
k

S ) AR O T

1<i) << <n 1<y <+ <ig <n ji=1

H
-
| —

ck

n

1_[ I1 (1—(1—v)k+(1—u—v)k)]Ck+[ I1 (mﬂ"} -

1<i) << <n 1<i) <--<ig<n

1
L \k

{ I <1—u—v)k}q

16 <-- <i <

|

L
n

- 1_[ I1 (1—(1—v)k+(1—u—v)k)]Ck+[ I1 (l—u—v)kJle ~ (uv)=b.

1<i) << <n 1<i) << <n

Theorem 4 (Commutativity). Supposeb —(u v, )(] L2, )1s a set of IFNs, and
b' ( U ])15 any permutation of b then

1FMsm(k )(bl,b2,~-~,bn>—IFIMSM( ) (B7,85,+++,B, ). (19)

Proof.

On the basis of Eq. (16), we have
1/k

ko

® ®b
1<i) < <iy <m j=1 ’j
TEIMSM®) (B, by ++-,b,, ) = o

n
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k- _
@ ®b
IFIMSM (bl,bz, ,bn)— Ck , Since bj—(uj,vj) be any permutation of
n
ko 1/k K 1k
& o Tt
b., then Lsh<cipsnj=t 7 _| 1sh<<igsnj=l
])
G Ck

n

Thus, IFIMSM(®) (b, b,,+++,b, ) = IFIMSM(®) (5,535} ).

Now we can discuss some special cases of the IFIMSM operator based on different values
of the parameter k.

(1) When k = 1, based on the IFIMSM operator (17), we have
IFIMSMU) (b1,b2,++,b,, ) =

L Ly
1 1 c 1 1
1- I | I—H(l—vi )+I |(1—u1 —vl) + | I H 11—y —v,) -
i il
1<ij<n j=1 j=1 1<i <n j=1
1
1
1 c
I | | I(l—u, —vl]) )
1<i<n j=1
1
1 1)
1 1 cl 1 (o
1-11-| TT11-] |(1—vi,)+H(1—ui,—vi_) + 111 I(l—ui_—vi_) -
J J J J J
1<i <n j=1 j=1 1<ij<n j=1
1 1 1
n n n
1- H 1-u , H l—u-) - H 1-u, —v ) (Zetir: '):
lj 1j j J ']
1<ij<n 1<ij<n 1<ij<n
L 1 1
n n n n n n

= (=) | o TT(-) _H(l_”f_vf) : (20)
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In this case, the IFIMSM reduces to the intuitionistic fuzzy interaction averaging (IFIA)
operator.
(3) If k = 2, then the IFIMSM operator (17) will reduce to the intuitionistic fuzzy interaction
BM (IFIBM) operator (p = g = 1). It is shown as follows:

1FIMsM?) (El,éz,m,l?n ) =
1
2 2 )2

2 2 n(n-1) 2
1- H I—H(l—vij)+H(l—uij—vij) + H H(l_uij_vij) -

1<i <iy<n j=1 j=1 1<i <iy<n j=1

I f[(l—uij v,

1<i <iy <n j=1

2 1 2
2 2 n(n-1) 2 n(n-1)
-(1=| TT [=T1(-v )« TT(-w, %) ||+ TT TT(-w ) =
1<i <iy<n j=1 j=1 1<i <iy<n j=1
IFIBMM(EI,Ez,---,En). (1)

(4) If k = n, according to the IFIMSM operator (17), we have
1FIMSM") (by,b, b, ) =

1 R
n n (04 n "
1- | | 1—| |(1—vi,)+| |(1—ui,—viv) + | | | |(1—uiv—V,’,) -
j j j j ]
10y <-+<iy <n j=1 j=1 1<i) <--<i, <n j=1
1
1 n
n (o
1-u, —v; )
H H( L i ?
1<) <--<iy, <n j=1
1
- 1 n
n n cn n cr
1-{1- I I 1- (1—vi_)+H(l—ui_—vi_) + H H(l—ui,—vi_) =
J J J J J
1<i <+ +<i <n j=1 j=1 1<i <-+-<iy <n j=1
1
n

1- H 1- (l—vij)-i-H(l—uij—vij)—i- H ﬁ(l—uij—vij) —

1<) <--<i, <n j=1 j=1 1<y <--<i, <n j=1
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=

n
H H(l—ul-]_ _Vij) ’
1<, <+ <iy < j=1

n n

-1- 1 1—H(1—v,~j)+ﬁ(1—uij—vij)+ 11 ﬁ(l—uij—vij) L (22)

1<y <--<i, <n j=1 j=1 1<y <--<i, <n j=1

2.2. IFWIMSM operator

In section 2.1, it is clear that the IFIMSM operator does not consider the importance of the
attribute weights. Nevertheless, in many practical situations, especially in MAGDM prob-
lems, the weights of input arguments play an important role for decision-making results. In
order to overcome the limitation of IFIMSM operator, we develop the IFWIMSM operator
as follows.

Definition 7. Suppc%se l;i (i =12, ~,n) is a collection of IFNs, and k =1,2,---,n is a parameter,

w= (wl,w2,~ . ~,wn) is the weight vector of b, (i =12, -,n) , then the IFWIMSM operator is

a mapping IFWIMSM : ®" — @ defined as follows:

X 1/k

® ® (w,._b,._ )
I<ij <o j=1\

~ <ix<n

1FWIMSM () (bbb, ) = , (23)

Ck

n

where @ is the set of all IFN, (i1 AN /S ) traverses all the k-tuple combination of (1,2,~ . o,n)

n! . . . .
and Ck =———— is the binomial coefficient.
kl(n—k)!
Based on the interaction operational rules of the IFNs, we can derive the aggregation
result from Definition 7 shown as theorem 5.

Theorem 5. Suppose Ei :(ui,vi) (1,2,-~-,n) is a collection of IFNs, and k =1,2,---,n, then,
the aggregated value from (23) is still an IFN, and

IFWIMsM ) ([,1,52,. b, ) -

k w ) ok ”,
1- H 1—H 1—(1—u,.]_) +(1—(uij+vij)) +H(l—(uij+vij)) +
1<) << <n j=1 J=
1
1k 1k

ck ck

[1 ﬁ(l_(”if”’ij))%j - [1 ﬁ(l—(u,-j+v,-j))vvij .

16, < <ig <n j=1 1<i) <--<ig <n j=1
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T T ol o) T o)

1<) <+ <ig <n j=1 j=1
1<i) < <ip <n j=1

Proof.

Firstly, we can calculate w; b, , and get
7T

- w;, w;. Wij
Wijbij = 1_(1_“1’j) 7 ,(l—uij) ] _(1—(uij +Vij )) s

S - H{( (o, o, ) }H[( (1,43, )] j
1-1}j{1—(1—uij)vvij+(1 (u +VJ))W,]]

Then we have

k ~ k w;. W,
b |=[1- 1- 1-(1-u, |’ 1—(.+.))]+
1£i1<~&~><ik Sn( Sl vl J ! H H[ ( “i ) +( ARG

1<i) << <n j=1

1<i) <--<ip <n j=1
k W,
I | I |(1—(u,-, +vi_)) ,
j j
1<ij <<y <n j=1

and then we get

1 koo
— @ ®w; b, ||=
Ck I<iy <--<ip <n| j=1 A

S oA R IR R ) (RO

16 < <ij < j=1

1
ck

(24)
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1<) <+ <ig <n j=1

Finally, we obtain

TFWIMSM ) (by,by.-+,b, ) =| == _

k w. w; k w;. Cilj
_ _ (1_ ij _ 'j _ 'j
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1<i, < <i <n j=1

H ﬁ(l —(ui]_ + Vi,- ))Wij

1<) <+ <ig <n ji=1

In addition, it is also an IFN.
It is easy to prove that the IFWIMSM operator has the following properties.
Theorem 6 (Idempotency). Letb, —( ])(] = 1,2,--~,n) be a collection of IFNs, if
b =b= (u v) j=12,---,n, then
IFWIMSM =(by,by+--b, ) =b =(u,v). (25)

The proof of this theorem is similar to Theorem 3.

Theorem 7 (Commutativity). Suppose b, —( )( j=L2, )15 a collection of IFNs, and

b, —(u],v] ) is any permutation of b, , then
IFWIMSM ) (By,by -+, b, ) = IFWIMSM ") (b, b3 -5}, ). (26)

The proof of this theorem is similar to Theorem 4.
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As well, we can discuss some special cases of the IFWIMSM operator with different values
of the parameter k.

(1) If k = 1, then the IFWIMSM operator (24) will reduce to the following formula:
1FWIMSMU (by,b, b, ) =

1
1 w W, 1 W Ck
'j
- T -1 (l—ulj) —(1—(uij+vij)) +H(1—(ulj+v1])) +
1<ij<n j=1 j=1
1
RN L)
1 w; Gy 1 Wi G
LTI (e o )| = TTTT oo ) ]
I<i;<n j=1 1<i <n j=1
1
1 W, W, 1 W, c
]
1-|1- H -1 1—(1—u,J) +(1—(u,J+vlJ)) +H(1—(uij+vij))
1<ij<n j=1 j=1
1
RIRT
1 w, |Ch
HH(l_(u, v, )) f -
] ]
I<ij<n j=1
1 1 1
w n w, |" w n
_ _ 'j _ 'j _ _ ij C_ o\
1 H((l u,}) ) , H (1 uij) H[l ul-j+v,-j) J (let i ])
1<y <n 1<i)<n 1<i<n

=TT )| TT0=) = TT ()| @

j=1 Jj=1 Jj=1

(2) If k = 2, then the IFWIMSM operator (24) will reduce to the intuitionistic fuzzy weighted
interaction BM (IFWIBM) (p = q = 1)operator. It is shown as follows:

Fwimsm(®) (1;1,1;2,. . .,gn) _

1
2 w w; 2 w; Fﬁ
] J ]
- 11 111 1—{(1—%) —(1—(uij+vij)) J +H(1—(u11+vl )) +
1<i <iy<n j=1 Jj=1
1
1 )2 12
2 w. |C2 2 e
lj b
TT TI(-(s ) | TT TT(=(s, v, ) ,

1<i <iy <n j=1 1<y <iy<n j=1
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2 w. w. 2 w; Cﬁ
i i i
-l1-| ] 1—H(1—(1—uij) +(1—(uij+vij)) }+H(1—(uij+vij)) +
1<i; <i, <n j=1 J=1
1
1)
2 w, |Ck
L1 T )
] J
1<iy <i,<n_j=1
2
2 W, W, 2 W, n(n—l)
ij ij ij
1- H 1—1_[ 1—(1—ui]_) +(1—(uij+vij)) +H(1—(uij+vij)) +
1<ij <<\ j=1 j=1
1
2 )2 2 )2
2 w;, n(n—l) 2 w;, n(n—l)
J J
H H(l_(uij+vij)) - H H(l_(uij+vij)) ’
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2
2 W, W 2 W, n(n—l)
ij ij ij
-1- T 1—1_[(1—(1—%]_) ]+(1—(uij+vij)) JJ“H(I_(”I‘]-”@)) +
1<i <y <n j=1 =
, =

I ﬁ(l—(uij v ))Wi" ' = WIFIBM" (B, by,--+,b, ). (28)

1<y <iy<n j=1

(3) If k = n, then the IFWIMSM operator (24) will reduce to the following formula:
TFWIMSM") (B, by +-,b,, ) =

n w;. Wi, n W, c
1- | | 1—| | 1—(1—ui_) J+(1—(ui_+vi_)) +| |(1—(ui_+vi_)) +
] J J J J
1<) <--+<i, <n j=1 j=1
1 1
RIAT 1\
n Wij " n Wij n
I1 H(l_(u,.,wi.)) 4T H(l_(u,.,w,,)) :
] ] ] ]
1<) <<, <n j=1 1<i) <o+ +<i, <n j=1

SR CEA R O (T |

1<i) <--+<i, <n
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1

CVI

[1 ﬁ(l_(“ij I ))Wij 1

1<i <o <iy <n j=1

- IT |- (1—(1—%]_)%"+(1—(uij+vij))wijj+n

1<i) <+ <i, <n j=1

=

116 T o)
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n w;, Wij n Wij
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J ] J ] J
1<i) <+ +<i, <n j=1 j=1

I ﬁ(l —(u,.]_ v ))Wij . (29)

1<i) <--<iy<n j=1

3. A group decision-making approach based on the IFWIMSM operator

In this section, we will apply the IFIWMSM operator to solve the MAGDM problems.

3.1. Description of the MAGDM problems

A MAGDM problem with IFNs is described as follows. Suppose {Al Ay, ~,Am} is the set of al-
ternatives and {C1 ,Cys,C, } is the set of attributes which weight vector is w = (w;,w,,--,w,, )T
n

with w; >0,j=12,--,n, and ZWJ- =1. Further, suppose {Dl,Dz s Dy } is the set of decision
j=1
makerts (DMs) and o = (0, ®,,: -, ®, ) be the weight vector of them with ®, >0(k =1,2,--,t),

and Zcok =1. Let RF =[F,]k men be the decision matrix of MAGDM problems, where
k=1

ni = (ul’]‘ ,vll]‘- is the evaluation information expressed by the IFN with respect to alternative
A; for attribute C; given by the DM Dy. Then, the goal of this decision problem is to rank
alternatives.

Based on the IFWIMSM operator proposed in section 2, we will give its application in

the MAGDM problems and establish the detailed decision-making process shown as follows.

3.2. The decision-making steps based on the IFWIMSM operator

Step 1. Normalize the attribute values.
In real decision-making, the attribute values have two types, i.e., cost attribute and benefit
attribute. In order to eliminate the difference in types, we need convert them to the same
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type. In general, we need convert cost type to benefit type. If the attribute value Fl]k = (uf; ,vi’]? )
is cost type, it can be transformed to benefit one shown as follows (suppose the transformed

attribute value is still expressed by ﬁjk ):

7 =(v,’;u,’;) (30)

Step 2. Aggregate the evaluation information of individual DM to collective information by
IFWIMSM operator shown as follows:

P :IFWIMSM(k)(ﬁ-}’ﬁf»“')fif)' (31)

Step 3. Aggregate the evaluation information of each attribute to the comprehensive evalua-
tion value of each alternative by IFWIMSM operator shown as follows:

z, = IFWIMSMW) 5 7 o7 )- (32)
Step 4. Calculate the score function S(z;)(i=1,2,---,m) of the collective overall values
Z;(i=12,---,m), and then rank all the alternatives{Al,Az,m,Am} When two score func-

tions S(z;) and S(éj) are equal, it is necessary to calculate their accuracy functions H(Z;)
and H(Z;), then we can rank them by accuracy functions.

Step 5. Rank the alternatives.
Rank all the alternatives {Al,Az,m,Am} and choose the best one(s) according to score
function S(z;) and accuracy function H(z;) .

Step 6. End.

4. An illustrative example

In order to show the application of the proposed method, we will give an example about the
route selection for five possible distribution schemes {Al Ay, AL A, ,A5} . There are three DMs
D, (k=1,2,3) to evaluate these five alternatives according to four attributes which are shown
as follows: the risk analysis (C,), the cost of transportation analysis (C,) , the convenience

of transportation analysis (C;) and the environmental impact analysis (C,) . The evaluation
results are used to construct three decision matrices R¥ = [F,]k] . (k = 1,2,3) listed in Tables
5%
1-3, where Fyk can be expressed as IFN (uf]‘ ,vf; ) . Suppose the weight vector of three DMs is
T

m:(0.35,0.40,0.25) and the weight vector of the attributes is w =(0.2,0.1,0.3,0.4)” . The
goal of this MAGDM problem is to select the optimization route for distribution schemes.

Table 1. Intuitionistic fuzzy decision matrix R' given by D,
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Table 2. Intuitionistic fuzzy decision matrix R? given by D,

o C, G Cy
A, (0.4,0.2) (0.6,0.2) (0.5,0.4) (0.5,0.3)
A, (0.5,0.3) (0.6,0.2) (0.6,02) (0.5,0.4)
A, (0.4,0.4) (0.3,0.5) (0.5,0.4) (0.4,0.2)
A, (0.5,0.4) (0.7,02) (0.5,0.2) (0.7,0.2)
As (0.6,0.3) (0.7,0.2) (0.4,0.2) (0.6,0.2)
Table 3. Intuitionistic fuzzy decision matrix R® given by D,
o} G, G C,
A (0.4,0.5) (0.5,0.2) (0.5,0.3) (0.5,0.2)
A, (0.5,0.4) (0.5,0.3) (0.6,0.2) (0.7,0.2)
Ay (0.4,0.5) (0.4,0.4) (0.5,0.3) (0.6,0.3)
A, (0.5,0.3) (0.4,0.5) (0.5,0.4) (0.5,0.3)
As (0.6,0.2) (0.5,0.3) (0.4,0.4) (0.6,0.3)

4.1. The decision-making steps

To get the best alternative(s), the steps are shown as following.

Step 1. Normalize the attribute values.
All the measured values are the same type, so they do not need to do the normalization.

Step 2. Aggregate the evaluation information of individual DM to collective information by
IFIWMSM operator (without loss of generality, we suppose k = 3).

Ay =(0.176,0.265), #, =(0.256,0.186), 75 =(0.177,0.331), 7, =(0.212,0.230),
7y, =(0.227,0.264), 7, =(0.253,0.208), 73 =(0.265,0.150), 7, =(0.260,0.276),
73, =(0.175,0.315), 75, =(0.109,0.306), 755 =(0.232,0.235), 7y, =(0.185,0.210),
71 =(0.232,0.235), 7,, =(0.263,0.234), 7,3 =(0.206,0.257), 7,, =(0.246,0.221),
751 =(0.237,0.204), 75, =(0.308,0.201), 753 =(0.159,0.250), 7, =(0.221,0.270).

oS oW

Step 3. Aggregate the evaluation information of each attribute to the comprehensive evalua-
tion value of each alternative by IFWIMSM operator (without loss of generality, we let k = 3).

z, =(0.0530,0.7901), Z, =(0.0679,0.7821), Z; = (0.0483,0.7885), Z, = (0.0634,0.7857 ),
z; =(0.0613,0.7837).

Step 4. Calculate the score function S(z;)(i =1,2,---,4) of the collective overall values
Z(i=1,2,-,5).

S(z,)=-0.7371,8(z,) = —0.7141, 8(z;) = —0.7402 , S(z, ) = —0.7223, S(z5) = —0.7224 .
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Step 5. Rank the alternatives.
On the basis of the score functions S(Ei)(i=1,2,3,4), we can rank the alternatives
{AI,AZ,A3,A4,A5} shown as follows.

A=Ay - A - A - A,
So, the best alternative is A,.
Step 6. End.

4.2. The influence of the parameters k on decision-making result of this example

In order to clarify the influence of the parameter k on decision-making of this example, we
use the different values k in steps 2 and 3 to rank the alternatives. The ranking results are
shown in Table 4.

Table 4. Ordering of the alternatives by utilizing the different k

k score function S(Z;) Ranking

S(2,)=-0.0383,8(z,) =—0.0125
k=1 S(Z;) =-0.0329,5(z,) =-0.019 Ay = Ay Ag = Ay - A
S(Z5) =—-0.0251

S(z,)=-0.7337,5(2,) =—0.7075
k=2 S(23)=-0.7332,5(2,) =—0.7178 Ay - Ay - A= Ay - A
S(z5)=-0.7211

S(z,)=-0.7371,8(z,) =—0.7141
k=3 S(z3) =-0.7402,5(z4) =—0.7223 Ay = Ay =Ag = A - Ay
S(Z5)=—0.7224

As we can see from Table 4, the ranking results with the different parameter k are slightly
different, but the best choice is always A,. In addition, we can also find that the score func-
tions on the basis of the IFWIMSM operator became smaller as the parameter k increases, so
we can regard parameter k as the DM’s risk preference. With the increase of the parameter
k, the decision-making results will be changed from the optimism to pessimism. In real
practical decision-making situations, DMs can choose the appropriate value in accordance
with their risk preferences.

4.3. The verification of the validity

To prove the effectiveness of the developed method in this paper, we solve the same illustra-
tive example by using the three existing MAGDM methods including the weighted intu-
itionistic fuzzy Maclaurin symmetric mean (WIFMSM) operator proposed by Qin and Liu
(2014), the intuitionistic fuzzy weighted average (IFWA) operator proposed by Xu (2007).

For convenience, we let p=g =1, k=3, then the final ranking orders of the alternatives
obtained by the above three methods are described in Table 5.
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Table 5. Ranking results by different method

Aggregation

Method
operator

Score values S(Z;) Ranking

S(Z,) =0.1489, S(Z,) = 0.3164,
Xu (2007) IFWA S(25)=0.1377, S(z,) = 0.2586, Ay = Ay = As - A - Ay
S(Z5)=0.2211

S(z,)=-0.3352, S(2,) =—0.2678,
WIEMSM | S(Z;) =—0.3704,8(2,) =—-0.2864, | Ay = Ay = As = A= Ay
S(z5) =-0.2944

Qin and Liu
(2014)

8(2,) =-0.7371,8(,) = —0.7141
Proposed method |IFWIMSM | S(2;)=-0.7402,5(Z,)=—0.7223 Ay - Ay - As - A - Ay
S(25)=—0.7224

From Table 5, we can find that there are the same ranking results by using three methods.
So the method in this paper is effective and feasible.

4.4. Further compared with other methods

From the above subsections, we have testified the validity of our proposed method. However,
we find that they have the same ranking results, so it is difficult to illustrate the advantages
of our method and the drawbacks of the existing methods in some situations. So we give
two examples to show that our method is more extensive. In example 4, we will show the
advantages of MSM operator of IFNs comparing with BM operator of IFNs, and example
5 will illustrate the advantages of interaction operational rules of IFNs comparing with the
traditional rules.

Example 4. We solve the same illustrative example by the MAGDM methods based on the
weighted intuitionistic fuzzy interaction BM (WIFIBM) operator proposed by Y. D. He,
Z. He, and Chen (2015) and the proposed method in this paper because these two methods
adopt the same operational rules of IFNs. For easily comparing, we let k = 2 and k = 3. Then
we can get the results shown in Table 6.

From table 6, we can see that the ranking results based on WIFIBM operator (p =g =1)
and IFWIMSM operator (k = 2) are same. Obviously, this conclusion can be easily explained
that these two methods consider interrelationship only for two attributes, even, we can also
know that when k = 2, the IFWIMSM operator will reduce to the WIFIBM (p = g = 1).
However, when k = 3, the method based on IFWIMSM operator can consider interrelation-
ship for three attributes, and the ranking result is different from the method proposed by He
et al. (2015) because it is only for two attributes. In addition, we also know that the WIFIBM
operator proposed by He et al. (2015) is a special case of the IFWIMSM operator proposed
in this paper. So the IFWIMSM is more flexible than WIFIBM operator.
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Table 6. Ranking results by different methods and parameters

Method and operators parameters Score values S(Z;) Ranking

S(Z,) =—0.0423,5(2,) =—0.0191

Method by Heetal. p=g =1 S(3.)=—0.0372.S(3.) = —0.0257
(2015) based on WIFIBM (f3) ) »8(24) : Ay - Ay - As - Ay - Ay
S(z;) =—0.0311

S(Z,) =—0.7337,8(2,) = —0.7075

Our proposed method k = 2 S(2;)=-0.7332,5(2,) =—0.7178 Ay - Ay - A - Ay - Ay
Based on IFWIMSM S(z5)=-0.7211

S(2,)=—-0.7371,5(Z,) = —0.7141

Our proposed method k = 3 S(25) =—0.7402,8(,) = —0.7223 Ay A, - As - A - A,
Based on IFWIMSM S(25)=—0.7224

Example 5. Assume that a company wants to choose a new salary plan and there are five choices
{A1 Ay, Az AL A }, and four attributes (let their weight vector be w = (0.25,0.25,0.25,0.25)T)
are shown as follows: the employee satisfaction (C)), the feasibility analysis (C,), the influence
of surrounding environment (C;) and the influence of social-politic (C,).

The DM D evaluates the plans A; (i = 1, 2, 3, 4, 5) with respect to the attributes C; (j = 1,
2, 3, 4) by the IFNs and the decision matrix R is listed in Table 7, where 7 ; can be expressed
as (u iV )

Table 7. Intuitionistic fuzzy decision matrix R given by D

G G G Cy

(0.71,0.23) (0.62,0)

0.62,0.33 (0.64,0.30) (0.68,0.2)

0.66,0.23 (0.77,0.18)

(0.65,0.25) ( )
( ) ( )
As (0.65,0.32) (0.53,0) (0.57,0.34) (0.71,0.25)
( ) ( ) (0.57,0.37)
(0.58,0.23) ( ) )

(0.62,0.24) (0.64,0.15

The aggregation results for the different methods are shown in Table 8.

From Table 8, we obtain that the best choice based on the IFWA operator proposed by Xu
(2007) is A; and it is same with WIFMSM operator (Qin & Liu, 2014). While the best choices
produced by the WIFIBM operator proposed by He et al. (2015) and IFWIMSM operator
proposed in this paper are both As. Because the methods proposed by Xu (2007) and by Qin
and Liu (2014) are all based on traditional operations which do not consider the interac-
tions between membership function and non-membership function of different IFNs, and
there exist some weaknesses in operations of IFNs when one of non-memberships is zero, it
is possible to produce the unreasonable results. In this example, because non-memberships
in the attributes 7, and 7;, are zero, the aggregation results for the choices A; and A; are
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unreasonable, so the ranking results for five choices are not reasonable. However, the meth-
ods proposed by He et al. (2015) and in this paper can consider the interactions between
membership function and non-membership function of different IFNs, and they can relieve
the weakness when the non-membership function of any one IEN is zero. So the ranking
results are reasonable, i.e., A5 is the best choice and not 4.

Table 8. Ranking results by different methods

Method and adopted aggregation

Operators Score values S(Z;)

Ranking

on 8(z3) =0.6216,5(z,) = 0.3901
IFWA operator S(2;) =0.4663

A - Ay-Ag - Ay - Ay

S(z,)=—-0.3774,5(Z,) =—0.5166
Method by Qin and Liu (2014)

based on WIFMSM operator

S(Z;) =—0.4077,(2,) = —0.4923
S(Z5)=—0.4271

A=Ay - Ag = Ay - A,

Method by He et al. (2015)
based on WIFIBM (p =g = 1)
operator

S(z,)=0.9868,5(2,) =0.9896
S(Z;) =0.9839,5(2,) = 0.9865
S(Z5) =0.9902

As = Ay = A=Ay - Ay

S(Z,) = —0.5022,8(2,) = —0.5421
S(Z;) =—0.5032,5(Z,) = -0.5203
S(Z5) =—0.5002

Our proposed method based

on IFWIMSM (k = 3) operator Asm A=Ay - Ay = Ay

In addition, although the best choice for the methods proposed by He et al. (2015) and in
this paper is the same, the ranking for these two methods are different. The reason is that the
method proposed by He et al. (2015) is based on the interrelationship only for two attributes
and the method in this paper is based on interrelationship for three attributes.

In a word, our method can overcome the weakness of the some existing methods pro-
posed by Xu (2007), Qin and Liu (2014) which are based on the traditional operational rules.
In addition, our method is more general because it can consider interrelationship from two
attributes to # attributes.

In the following, we will give some comparisons of the three methods and our proposed
method, which are listed in Table 9.

According to the above analysis, the comparisons between our proposed method and the
existing three methods can be described as follows.

(1) Compared with the method based on the IFWA operator, we can find that the method
proposed by Xu (2007) can describe fuzzy information easier. However, this method is based
on the assumption that the attributes are independent and it doesn't consider the interrela-
tionship between them. The improved operator in this paper not only considers the interre-
lationship between two attributes but also can take interrelationship among multi-attributes
into account.
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Table 9. The comparisons of different methods

whether captures | whether captures | whether considerate the interaction
Methods interrelationship | interrelationship of | between the membership function
of two attributes | multiple attributes and non-membership function
Xu (2007) No No No
Qin and Liu (2014) Yes Yes No
He et al. (2015) Yes No Yes
Proposed method Yes Yes Yes

Moreover, in aggregation operations, the method proposed by Xu (2007) uses the tradi-
tional operational rules, while our method makes use of the interaction operational rules. As
we all know, the traditional operations do not consider the interactions between member-
ship function and non-membership function of different IFNs, so they can get unreasonable
results in some special cases, especially when one of the non-memberships is zero. However,
the interaction operational rules can consider the interactions between membership function
and non-membership function sufficiently, so the method proposed in this paper is more
reasonable to produce the ranking result because it can overcome the weakness when one of
the non-memberships is zero.

(2) Compared with the method proposed by Qin and Liu (2014) based on the WIFMSM
operator, obviously, these two methods are all based on MSM operator which can consider
the interrelationship among multiple attributes. However, the method proposed by Qin and
Liu (2014) is based on the traditional operational rules which do not consider the interac-
tions between membership function and non-membership function of different IFSs, and it
can produce the unreasonable result when one of the non-memberships is zero, while the
method proposed in this paper can take account of the interactions between membership
function and non-membership function, and overcomes some existing problems by the tra-
ditional operational rules.

(3) Compared with the method proposed by He et al. (2015) based on the WIFIBM
operator. Obviously, these two methods are all based on the interaction operational rules
of IFNs which can overcome the existing problems when one of the non-memberships is
zero. However, the method proposed by He et al. (2015) adopts the BM operator which can
only consider the interrelationship between two attributes while the method proposed in
this paper not only considers the interrelationship between two attributes but also can take
interrelationship among multi-attributes into account. In addition, we can also know that
the WIFIBM operator is a special case of the WIFIMSM operator when k =2 . Obviously,
the method based on the WIFIMSM operator is more general than the method based on
the WIFIBM operator.

According to the comparisons and analysis above, the IFWIMSM operator developed in
this paper is better than the existing other methods for aggregating the IFNs. Therefore, the
IFWIMSM operator is more suitable to deal with the problem of MAGDM in the intuition-
istic fuzzy environment.
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Conclusions

In this paper, we extended the MSM operator to IFNs based on the interaction operations
for the IFNs and proposed some interaction MSM operators for IFNs, such as the [IFIMSM
and IFWIMSM operators, then we discussed some desirable characteristics of them, such as
idempotency and commutativity. Further we analyzed some special cases of these operators,
and proposed a method for the MAGDM problems based on the IFWIMSM operator. Com-
paring with the existing methods, the proposed method is more general than some existing
methods. The significant advantaged are that they can capture the interrelationship among
the multi-input arguments which have the flexibility by the parameters k, and they can also
consider interactions between membership function and non-membership function of IFNs
which can overcome some existing problems when one of the non-memberships is zero.

In further research, it is necessary and significant to take the applications of these opera-
tors to solve the real decision-making problems, such as evaluations on population resources
and environment (Zha & Kavuri, 2016; Zhang, He & Pan, 2017; Zhang & Shi, 2016; Zhu,
2017) or Chinese culture (Hou, 2016), or the proposed operators are extended to some new
fuzzy information (Liu & Chen, 2018; P. D. Liu, Zhang, X. Liu, & Wang, 2016).

Acknowledgments

This paper is supported by the National Natural Science Foundation of China
(Nos. 71771140, 71471172), the Special Funds of Taishan Scholars Project of Shan-
dong Province (No. ts201511045), Shandong Provincial Social Science Planning Project
(Nos. 17BGL]J04,16CGLJ31 and 16CK]JJ27), and Key research and development program of
Shandong Province (No. 2016GNC110016).

References

Atanassov, K. T. (1986). Intuitionistic fuzzy sets. Fuzzy Sets and Systems, 20(1), 87-96.
https://doi.org/10.1016/S0165-0114(86)80034-3

Atanassov, K. T. (1989). More on intuitionistic fuzzy sets. Fuzzy Sets and Systems, 33(1), 37-46.
https://doi.org/10.1016/0165-0114(89)90215-7

Atanassov, K. T. (1994). New operations defined over the intuitionistic fuzzy sets. Fuzzy Sets and Sys-
tems, 61(2), 137-142. https://doi.org/10.1016/0165-0114(94)90229-1

Celik, E., Gumus, A. T., & Alegoz, M. (2014). A trapezoidal type-2 fuzzy MCDM method to identify
and evaluate critical success factors for humanitarian relief logistics management. Journal of Intel-
ligent & Fuzzy Systems, 27(6), 2847-2855.

Chen, S. M., & Tan, J. M. (1994). Handling multi-criteria fuzzy decision-making problems based on
vague set theory. Fuzzy Sets and Systems, 67(2), 163-172.
https://doi.org/10.1016/0165-0114(94)90084-1

Chen, T. Y. (2007). A note on distances between intuitionistic fuzzy sets and/or interval-valued fuzzy
sets based on the Hausdorff metric. Fuzzy Sets and Systems, 158(22), 2523-2525.
https://doi.org/10.1016/j.fs5.2007.04.024

De Kumar, S., Biswas, R., & Roy, A. R. (2000a). Some operations on intuitionistic fuzzy sets. Fuzzy Sets
and Systems, 114(3), 477-484. https://doi.org/10.1016/50165-0114(98)00191-2


https://doi.org/10.1016/S0165-0114(86)80034-3
https://doi.org/10.1016/0165-0114(89)90215-7
https://doi.org/10.1016/0165-0114(94)90229-1
https://doi.org/10.1016/0165-0114(94)90084-1
https://doi.org/10.1016/j.fss.2007.04.024
https://doi.org/10.1016/S0165-0114(98)00191-2

Technological and Economic Development of Economy, 2018, 24(4): 1533-1559 1557

De Kumar, S., Biswas, R., & Roy, A. R. (2000b). Some operations on intuitionistic fussy sets in terms of
evidences theory: decision making aspect. Knowledge Based Systems, 23(8), 772-782.

Giirbiiz, T., & Albayrak, Y. E. (2014). An engineering approach to human resources performance evalu-
ation: hybrid MCDM application with interactions. Applied Soft Computing, 21, 365-375.
https://doi.org/10.1016/j.as0c.2014.03.025

He, Y. D,, Chen, H. Y., Zhou, L. G,, Han, B., & Zhao, Q. Y. (2014a). Generalized intuitionistic fuzzy
geometric interaction operators and their application to decision making. Expert Systems with Ap-
plications, 41(5), 2484-2495. https://doi.org/10.1016/j.eswa.2013.09.048

He, Y. D, Chen, H. Y,, Zhou, L. G,, Liu, J. P, & Tao, Z. E (2014b). Intuitionistic fuzzy geometric in-
teraction averaging operators and their application to multi-criteria decision making. Information
Sciences, 259, 142-159. https://doi.org/10.1016/j.ins.2013.08.018

He, Y. D., He, Z., & Chen, H. (2015). Intuitionistic fuzzy interaction Bonferroni means and its ap-
plication to multiple attribute decision making. IEEE Transactions on Cybernetics, 45(1), 116-128.
https://doi.org/10.1109/TCYB.2014.2320910

Hong, D. H., & Choi, C. H. (2000). Multi-criteria fuzzy decision-making problems based on vague set
theory. Fuzzy Sets and Systems, 114(1), 103-113. https://doi.org/10.1016/S0165-0114(98)00271-1

Hou, Y. S. (2016). Reflection on the inheritance and development of “Wang PI opera” in Shandong.
Dong Yue Tribune, 37(2), 142-146 (in Chinese).

Li, D. E (2005). Multi-attribute decision making models and methods using intuitionistic fuzzy sets.
Journal of Computer and Systems Sciences, 70(1), 73-85. https://doi.org/10.1016/j.jcss.2004.06.002

Lin, L., Yuan, X. H., & Xia, Z. Q. (2007). Multi-criteria fuzzy decision-making methods based on intu-
itionistic fuzzy sets. Journal of Computer and Systems Sciences, 73(1), 84-88.
https://doi.org/10.1016/j.jcss.2006.03.004

Liu, P. D. (2017). Multiple attribute group decision making method based on interval-valued intu-
itionistic fuzzy power Heronian aggregation operators. Computers & Industrial Engineering, 108,
199-212. https://doi.org/10.1016/j.cie.2017.04.033

Liu, P. D,, & Chen, S. M. (2017). Group decision making based on Heronian aggregation operators of
intuitionistic fuzzy numbers. IEEE Transactions on Cybernetics, 47(9), 2514-2530.
https://doi.org/10.1109/TCYB.2016.2634599

Liu, P. D,, & Chen, S. M. (2018). Multiattribute group decision making based on intuitionistic 2-tuple
linguistic information. Information Sciences, 430-431, 599-619.
https://doi.org/10.1016/j.ins.2017.11.059

Liu, P. D., Chen, S. M. & Liu, J. L. (2017). Some intuitionistic fuzzy interaction partitioned Bonferroni
mean operators and their application to multi-attribute group decision making. Information Sci-
ences, 411, 98-121. https://doi.org/10.1016/j.ins.2017.05.016

Liu, P. D,, He, L., & Yu, X. C. (2016). Generalized hybrid aggregation operators based on the 2-dimen-
sion uncertain linguistic information for multiple attribute group decision making. Group Decision
and Negotiation, 25(1), 103-126. https://doi.org/10.1007/s10726-015-9434-x

Liu, P. D. & Li, H. G. (2017). Interval-valued intuitionistic fuzzy power Bonferroni aggregation opera-
tors and their application to group decision making. Cognitive Computation, 9(4), 494-512.
https://doi.org/10.1007/s12559-017-9453-9

Liu, P. D, Liu, J. L. & Merigo, J. M. (2018). Partitioned Heronian means based on linguistic intuitionistic
fuzzy numbers for dealing with multi-attribute group decision making. Applied Soft Computing, 62,
395-422. https://doi.org/10.1016/j.as0¢.2017.10.017

Liu, P. D, Liu, J. L., & Chen, S. M. (2018). Some intuitionistic fuzzy Dombi Bonferroni mean operators

and their application to multi-attribute group decision making. Journal of the Operational Research
Society, 69(1), 1-24. https://doi.org/10.1057/s41274-017-0190-y


https://doi.org/10.1016/j.asoc.2014.03.025
https://doi.org/10.1016/j.eswa.2013.09.048
https://doi.org/10.1016/j.ins.2013.08.018
https://doi.org/10.1109/TCYB.2014.2320910
https://doi.org/10.1016/S0165-0114(98)00271-1
https://doi.org/10.1016/j.jcss.2004.06.002
https://doi.org/10.1016/j.jcss.2006.03.004
https://doi.org/10.1016/j.cie.2017.04.033
https://doi.org/10.1109/TCYB.2016.2634599
https://doi.org/10.1016/j.ins.2017.11.059
https://doi.org/10.1016/j.ins.2017.05.016
https://doi.org/10.1007/s10726-015-9434-x
https://doi.org/10.1007/s12559-017-9453-9
https://doi.org/10.1016/j.asoc.2017.10.017
https://doi.org/10.1057/s41274-017-0190-y

1558 P. Liu, W. Liu. Intuitionistic fuzzy interaction Maclaurin symmetric means and their application ...

Liu, P. D., & Teng, E (2016). An extended TODIM Method for Multiple Attribute Group Decision-
making Based on 2-dimension uncertain linguistic variable. Complexity, 221(5), 20-30, 8(6), 20-30.
https://doi.org/10.1002/cplx.21625

Liu, P. D,, Zhang, L. L., Liu, X., & Wang, P. (2016). Multi-valued Neutrosophic number Bonferroni mean
operators and their application in multiple attribute group decision making. International Journal
of Information Technology & Decision Making, 15(5), 1181-1210.
https://doi.org/10.1142/50219622016500346

Maclaurin, C. (1729). A second letter to Martin Folkes, Esq.; concerning the roots of equations, with
demonstration of other rules of algebra. Philosophical Transactions of the Royal Society of London
Series A, 36, 59-96. https://doi.org/10.1098/rstl.1729.0011

Meng, E, Zhang, Q., & Zhan, J. (2015). The interval-valued intuitionistic fuzzy geometric choquet ag-
gregation operator based on the generalized banzhaf index and 2-additive measure. Technological
and Economic Development of Economy, 21(2), 186-215.
https://doi.org/10.3846/20294913.2014.946983

Montajabiha, M. (2016). An extended PROMETHE II multi-criteria group decision making technique
based on intuitionistic fuzzy logic for sustainable energy planning. Group Decision and Negotiation,
25(2), 221-2447. https://doi.org/10.1007/s10726-015-9440-z

Mulliner, E., Malys, N., & Maliene, V. (2015). Comparative analysis of MCDM methods for the assess-
ment of sustainable housing affordability. Omega, 59, 146-156.
https://doi.org/10.1016/j.0omega.2015.05.013

Qin, J. D, & Liu, X. W. (2014). An approach to intuitionistic fuzzy multiple attribute decision mak-
ing based on Maclaurin symmetric mean operators. Journal of Intelligent & Fuzzy Systems, 27(5),
2177-2190.

Rabbani, A., Zamani, M., Yazdani-Chamzini, A., & Zavadskas, E. K. (2014). Proposing a new inte-
grated model based on sustainability balanced scorecard (SBSC) and MCDM approaches by using
linguistic variables for the performance evaluation of oil producing companies. Expert Systems with
Applications, 41(16), 7316-7327. https://doi.org/10.1016/j.eswa.2014.05.023

Sahin, R., & Liu, P. D. (2017). Possibility-induced simplified neutrosophic aggregation operators and
their application to multi-criteria group decision making. Journal of Experimental & Theoretical
Artificial Intelligence, 29(4), 769-785. https://doi.org/10.1080/0952813X.2016.1259266

Straub, J., & Reza, H. (2015). A Blackboard- style decision- making system for multi- tier craft con-
trol and its evaluation. Journal of Experimental & Theoretical Artificial Intelligence, 27(6), 763-777.
https://doi.org/10.1080/0952813X.2015.1020569

Tian, Z. P., Wang, J., & Wang, J. Q. (2017). Simplified neutrosophic linguistic multi-criteria group
decision-making approach to green product development. Group Decision and Negotiation, 26(3),
597-627. https://doi.org/10.1007/s10726-016-9479-5

Tavana, M., Mavi, R. K., Santos-Arteaga, F. J., & Doust, E. R. (2016). An extended VIKOR method
using stochastic data and subjective judgments. Computers & Industrial Engineering, 97, 240-247.
https://doi.org/10.1016/j.cie.2016.05.013

Uygun, O., & Dede, A. (2016). Performance evaluation of green supply chain management using inte-
grated fuzzy multi-criteria decision making techniques. Computers & Industrial Engineering, 102,
502-511. https://doi.org/10.1016/j.cie.2016.02.020

Wang, E, Zeng, S., & Zhang, C. (2013). A method based on intuitionistic fuzzy dependent aggrega-
tion operators for supplier selection. Mathematical Problems in Engineering, 2013, 1-9, Article ID
481202. https://doi.org/10.1155/2013/481202

Wang, J., Wang, J. Q., & Zhang, H. Y. (2016a). A likelihood-based TODIM approach based on multi-

hesitant fuzzy linguistic information for evaluation in logistics outsourcing. Computers & Industrial
Engineering, 99, 287-299. https://doi.org/10.1016/j.cie.2016.07.023


https://doi.org/10.1002/cplx.21625
https://doi.org/10.1142/S0219622016500346
https://doi.org/10.1098/rstl.1729.0011
https://doi.org/10.3846/20294913.2014.946983
https://doi.org/10.1007/s10726-015-9440-z
https://doi.org/10.1016/j.omega.2015.05.013
https://doi.org/10.1016/j.eswa.2014.05.023
https://doi.org/10.1080/0952813X.2016.1259266
https://doi.org/10.1080/0952813X.2015.1020569
https://doi.org/10.1007/s10726-016-9479-5
https://doi.org/10.1016/j.cie.2016.05.013
https://doi.org/10.1016/j.cie.2016.02.020
https://doi.org/10.1155/2013/481202
https://doi.org/10.1016/j.cie.2016.07.023

Technological and Economic Development of Economy, 2018, 24(4): 1533-1559 1559

Wang, T., Liu, J., Li, J., & Niu C. (2016b). An integrating OWA-TOPSIS framework in intuitionistic
fuzzy settings for multiple attribute decision making. Computers & Industrial Engineering, 98, 185-
194. https://doi.org/10.1016/j.cie.2016.05.029

Wu, J., Cao, Q. W,, & Li, H. (2016). An approach for MADM problems with interval-valued intuition-
istic fuzzy sets based on nonlinear functions. Technological and Economic Development of Economy,
22(3), 336-356. https://doi.org/10.3846/20294913.2014.989931

Xu, Y.J., Huang, C, Da, Q. L., & Liu, X. W. (2010). Linear goal programming approach to obtaining the
weights of intuitionistic fuzzy ordered weighted averaging operator. Journal of Systems Engineering
and Electronics, 21(6), 990-994. https://doi.org/10.3969/j.issn.1004-4132.2010.06.010

Xu, Z. S. (2007). Intuitionistic fuzzy aggregation operators. IEEE Transactions on Fuzzy Systems, 15(6),
1179-1187. https://doi.org/10.1109/TFUZZ.2006.890678

Xu, Z. S. (2011). Approaches to multiple attribute group decision making based on intuitionistic fuzzy
power aggregation operators. Knowledge-Based Systems, 24(6), 749-760.
https://doi.org/10.1016/j.knosys.2011.01.011

Xu, Z. S., & Yager, R. R. (2006). Some geometric aggregation operators based on intuitionistic fuzzy sets.
International Journal of General Systems, 35(4), 417-433. https://doi.org/10.1080/03081070600574353

Xu, Z. S., & Yager, R. R. (2011). Intuitionistic fuzzy Bonferroni means. IEEE Transactions on Systems Man
and Cybernetics Part B: Cybernetics, 41(2), 568-578. https://doi.org/10.1109/TSMCB.2010.2072918

Yu, D. J., & Wu, Y. Y. (2012). Interval-valued intuitionistic fuzzy Heronian mean operators and their
application in multi-criteria decision making. African Journal of Business Management, 6(11), 4158-
4168.

Zadeh, L. A. (1965). Fuzzy sets. Information and Control, 8(3), 338-356.
https://doi.org/lo.1016/80019—9958(65)90241-)(

Zha, D., & Kavuri, A. S. (2016). Effects of technical and allocative inefficiencies on energy and nonen-
ergy elasticities: an analysis of energy-intensive industries in China. Chinese Journal of Population
Resources and Environment, 14(4), 292-297. https://doi.org/10.1080/10042857.2016.1258805

Zhang, B., He, M., & Pan, H. (2017). A study on the design of a hybrid policy for carbon abatement.
Chinese Journal of Population Resources and Environment, 15(1), 50-57.
https://doi.org/10.1080/10042857.2016.1258804

Zhang, R., & Shi, G. (2016). Analysis of the relationship between environmental policies and air quality
during major social events, Chinese Journal of Population Resources and Environment, 14(3), 167-
173. https://doi.org/10.1080/10042857.2016.1177316

Zhang, W. C,, Xu, Y. J., & Wang, H. M. (2016). A consensus reaching model for 2-tuple linguistic mul-
tiple attribute group decision making with incomplete weight information. International Journal of
Systems Science, 47(2), 389-405. https://doi.org/10.1080/00207721.2015.1074761

Zhang, X. L., & Xu, Z. S. (2015). Hesitant fuzzy agglomerative hierarchical clustering algorithms. Inter-
national journal of systems Science, 46(3), 562-576. https://doi.org/10.1080/00207721.2013.797037

Zhang, Z., & Guo, C. H. (2016). Consistency and consensus models for group decision-making with
uncertain 2-tuple linguistic preference relations. International journal of systems Science, 47(11),
2572-2587. https://doi.org/10.1080/00207721.2014.999732

Zhou, H., Wang, J. Q., & Zhang, H. Y. (2016). Linguistic hesitant fuzzy multi-criteria decision-making
method based on evidential reasoning. International Journal of Systems Science, 47(2), 314-327.
https://doi.org/10.1080/00207721.2015.1042089

Zhu, J. (2017). The 2030 Agenda for sustainable development and China’s implementation. Chinese
Journal of Population Resources and Environment, 15(2), 142-146.
https://doi.org/10.1080/10042857.2017.1322864


https://doi.org/10.1016/j.cie.2016.05.029
https://doi.org/10.3846/20294913.2014.989931
https://doi.org/10.3969/j.issn.1004-4132.2010.06.010
https://doi.org/10.1109/TFUZZ.2006.890678
https://doi.org/10.1016/j.knosys.2011.01.011
https://doi.org/10.1080/03081070600574353
https://doi.org/10.1109/TSMCB.2010.2072918
https://doi.org/10.1016/S0019-9958(65)90241-X
https://doi.org/10.1080/10042857.2016.1258805
https://doi.org/10.1080/10042857.2016.1258804
https://doi.org/10.1080/10042857.2016.1177316
https://doi.org/10.1080/00207721.2015.1074761
https://doi.org/10.1080/00207721.2013.797037
https://doi.org/10.1080/00207721.2014.999732
https://doi.org/10.1080/00207721.2015.1042089
https://doi.org/10.1080/10042857.2017.1322864

