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Abstract. With respect to multiple attribute decision making (MADM) problems in which attribute 
values take the form of interval grey linguistic variables, a new decision making analysis method 
is developed. In this paper, we propose the interval grey linguistic variables ordered weighted 
aggregation (IGLOWA) operator, and then use the Choquet integral to develop the interval grey 
linguistic correlated ordered arithmetic aggregation (IGLCOA) operator and the interval grey lin-
guistic correlated ordered geometric aggregation (IGLCOGA) operator. Those operators not only 
consider the importance of the elements, but also can reflect the correlations among the elements. 
Then, we develop an approach to multiple attribute decision making problems with correlative 
weights which attribute values are given in terms of interval grey linguistic variables information 
based on those operators. Finally an illustrative example is given to use the method in the range of 
uncertain multiple attribute decision making. The results show that the method proposed in this 
paper is feasible.
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Introduction

Since Zadeh (1965) introduced the concept of the fuzzy set and Deng (1982) firstly presen-
ted the grey system theory, these were well applied in multiple attribute decision making 
(Bu, Zhang 2002; Chen 1994; Jin, Lou 2004; Luo, Liu 2004; Liu, Jin 2010; Meng et al. 2007; 
Merigó 2010; Merigó, Gil-Lafuente 2011; Wang, Klir 1992; Wang et al. 1996; Wei et al. 
2011; Xu 2010; Zhang, Liu 2010; Li 2012; Salmeron, Gutierrez 2012; Yin 2012; Zhu, Hipel 
2012; Baležentis, Zeng 2013). Multiple attribute decision making (MADM) has been ex-
tensively applied to various areas such as society, economics, management, military, etc. 
It is well known that the object things are complex and uncertain and Human thinking is 
ambiguous. Hence, the majority of multiple attribute decision making is also uncertain 
and fuzzy, and fuzziness is the major factor in the process of decision making. However, 
in dealing with the problem of incomplete information caused by poor information, de-
cision-making also demonstrates its greyness. The “fuzzy” means those uncertain factors 
in the evaluation information which are caused by the fuzziness of human thinking, while 
the “grey” means that objective uncertainty is caused by the insufficient and incomplete 
information. Therefore, the “fuzzy” and the “grey” are different concepts, many scholars 
have studied on the grey fuzzy multiple attribute decision making, which demonstrates 
not only its fuzziness, but also its greyness.

The research on the grey fuzzy decision making has been widely investigated and applied 
to a variety of fields. Chen (1994) introduced the concept of the grey fuzzy in detail in his 
book. Bu and Zhang (2002) presented an approach to transform the grey fuzzy number into 
the interval number, and then utilized the ranking method of interval number to rank the 
order of alternatives. Basing on the grey fuzzy multiple attribute decision making in which 
both the fuzzy part and the grey part are real numbers. Jin and Lou (2004) used the decision 
making model which utilized the hamming distance to measure the alternatives and utilized 
the difference between the fuzzy positive ideal solution and the negative ideal solution to rank 
the order. In order to solve the grey fuzzy decision making, Luo and Liu (2004) developed 
the maximum entropy formulism to determine attribute weight and ranked the order of al-
ternatives based on the linear combination of fuzzy information and grey information. Meng 
et al. (2007) proposed to present grey degree and fuzzy degree with the interval numbers, 
and then based on this, the mathematical model of interval valued grey fuzzy comprehensive 
evaluation was established. At last its application to the selection of the preferred project 
was given. In many real-life decision making problems, the linguistic variable is easier to 
express fuzzy information and closer to actual condition, the research on linguistic decision 
making has got rich achievements (Kacprzyk 1986; Delgado et al. 1992; Herrera et al. 1996; 
Herrera, Herrera-Viedma 2000; Merigó et al. 2010; Xu 2006, 2010; Zhou et al. 2008). Liu and 
Jin (2010) defined the concept of the interval grey linguistic variable which the fuzzy part 
and the grey part took the form of the linguistic variable and the interval number respect-
ively, and studied the operation rules and developed the multiple attribute decision making 
method based on the interval grey linguistic variable. Liu and Zhang (2011) proposed the 
interval grey linguistic variables weighted geometric aggregation (IGLWGA) operator and 
the interval grey linguistic variables ordered weighted geometric aggregation (IGLOWGA) 
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operator and the interval grey linguistic variables hybrid weighted geometric aggregation 
(IGLHWGA) operator, and then suggested a method for solving multiple attribute group 
decision making based on those operators.

All of the existing grey fuzzy multiple attribute decision making only considers the situ-
ation where all the elements in the grey fuzzy set are independent. However, in many prac-
tical situations, the elements in the grey fuzzy set are usually correlative. Therefore, we need 
to find some new ways to deal with these situations in which the decision data in question 
are correlative. The Choquet integral (Choquet 1953) is a very useful way of measuring the 
expected utility of an uncertain event, and can be utilized to depict the correlations of the 
decision data under consideration. Yager (2003, 2004a) introduced the idea of order induced 
aggregation to the Choquet aggregation operator and defined an induced Choquet ordered 
averaging (C-OWA) operator, which allowed the ordering of the arguments to be based upon 
some other associated variables instead of ordering the arguments based on their values. Tan 
and Chen (2009) developed the induced Choquet ordered averaging (I-COA) operator and 
applied it to aggregate fuzzy preference relations in group decision making. Xu (2010) utilized 
the Choquet integral to propose the interval-valued intuitionistic fuzzy correlated averaging 
(IVIFCA) operator and the interval-valued intuitionistic fuzzy correlated geometric (IVIFCG) 
operator to aggregate interval-valued intuitionistic fuzzy information, and applied them to 
a practical decision-making problem involving the prioritization of information technology 
improvement projects.

Motivated by the correlation properties of the Choquet integral, in this paper, we propose 
some interval grey linguistic variables aggregation operators. The operators not only consider 
the importance of the elements, but also can reflect the correlations among the elements. 
To do so, the remainder of this paper is set out as follows. In the next section, we introduce 
some basic concepts related to grey fuzzy sets and some operational laws of interval grey 
linguistic variables. In Section 2 we have developed two interval grey linguistic correlated 
aggregation operators: interval grey linguistic correlated ordered arithmetic aggregation 
(IGLCOA) operator and interval grey linguistic correlated ordered geometric aggregation 
(IGLCOGA) operator. In Section 3, we have developed an approach to multiple attribute 
decision making based on IGLCOA operator and IGLCOGA operator with interval grey 
linguistic variables information. In Section 4, an illustrative example is pointed out. In final 
Section, we conclude the paper and give some remarks.

1. Preliminaries

In this section, we briefly review some basic concepts to be used throughout the paper.
Definition 1 (Chen 1994): Let ( )A x  be the fuzzy subset in the space { }X x= , if the 

membership degree ( )A xµ  of x  to ( )A x  is the grey in the interval 0,1   , and its grey is 
( )A xν , then ( )A x  is called the grey fuzzy set in space X (GF set, for short), denoted by

( )A x
⊗
 , as follows:

	 { }( ) ( , ( ), ( ))A AA x x x x x X
⊗

= µ ν ∈ .	 (1)
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The set pair mode is ( ) ( ( ), ( ))A x A x A x
⊗ ⊗

=  , where { }( ) ( , ( ))AA x x x x X= µ ∈  is called the 

fuzzy part of ( )A x
⊗
 , and ( )( ){ }( ) , AA x x x x X

⊗
= ν ∈  is called the grey part of ( )A x

⊗
 . So the grey 

fuzzy set is regarded as the generalization of the fuzzy set and the grey set.

Definition 2 (Liu, Jin 2010): Let ( ) ( ( ), ( ))A x A x A x
⊗ ⊗

=   be the grey fuzzy number, if its 

fuzzy part is a linguistic variable s Sα ∈ , where S  is a finite and totally ordered discrete term 

set, and its grey part ( )A x
⊗

 is a closed interval ,L U
A Ag g   , then ( )A x

⊗
  is called the interval 

grey linguistic variable.
The linguistic variable is easier to express fuzzy information, so it is reasonable to utilize 

the linguistic variables to represent the fuzzy part. While the grey part which indicated the 
amount of information obtained is described by the interval number, which can truly reflect 
the information the decision maker obtained. The larger the greyness of the grey part is, the 
less the obtained information is, and the lower the credibility of the obtained information is, 
that is, the lower the credibility of the obtained value is, the lower the value of the informa-
tion is. When the greyness goes up to some extent, it means that the obtained information 
is useless. On the contrary, the smaller the greyness is, the more the obtained information 
is, the higher the credibility of the obtained information is, the more credible the obtained 
value is, the higher the value of the obtained information is.

Supposed that ( )( ) ,[ , ]L U
A AA x s g gα

⊗
= , ( )( ) , ,L U

B BB x s g gβ
⊗

 =  
  are two interval grey linguistic 

variables. The continuous ordered weighted averaging (C-OWA, for short) operator which is 
developed by Yager (2004b) can be usefully applied to aggregate the grey part, the greyness of 
the grey part would be transformed into a real number, and then the fuzzy part integrates with 

the grey part. That is to say, the size of the interval grey linguistic variables can get through com-

paring the size of ( )(1 ),(1 )L U
A As f g gα ρ  × − −  and ( )(1 ),(1 )L U

B Bs f g gβ ρ  × − −  . Assume the or-

dering value ( )( ( )) (1 ),(1 )L U
A AQ A x s f g gα ρ

⊗
 = × − − 

 , ( )( ( )) (1 ),(1 )L U
B BQ B x s f g gβ ρ

⊗
 = × − − 



 
, 

then ( ) ( )( )1

0

( ( ))
U L U

AA A
d y

g y g g dy
dy

Q A x s ρ⊗ α−α× + −
=

∫
 , ( ) ( )( )1

0

( ( ))
U L U
B B B

d y
g y g g dy

dy

Q B x s ρ⊗ β−β× + −
=

∫
 , which  

can be obtained based on the continuous ordered weighted averaging (C-OWA) operator, 

such as ( ) 1

0

( ), ( ( ))p
d yf a b b y b a dy

dy
ρ

= − −   ∫ .

The operation rules of ranking are defined as follows:

1)	If ( ) ( )Q A x Q B x
⊗ ⊗

   >   
   
  , then we have ( ) ( )A x B x

⊗ ⊗
>  ;

2)	If ( ) ( )Q A x Q B x
⊗ ⊗

   <   
   
  , then we have ( ) ( )A x B x

⊗ ⊗
<  ;

3)	If ( ) ( )Q A x Q B x
⊗ ⊗

   =   
   
   and s sα β≥ , then we have ( ) ( )A x B x

⊗ ⊗
≥  ;

4)	If ( ) ( )Q A x Q B x
⊗ ⊗

   =   
   
   and s sα β< , then we have ( ) ( )A x B x

⊗ ⊗
<  .
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The function ρ  is denoted as basic unit-interval monotonic (BUM) functions. If ( )0δ ≥  

( )y yδρ = , then we have ( ( ))
1

L U
A Ag g

Q A x
⊗

δ +
= α−α×

δ+
 and ( ( ))

1

L U
B Bg g

Q B x
⊗

δ +
=β −β×

δ+
 .

The operation rules of the interval grey linguistic variables are defined as follows:

1)	 ( ) ( )( ) ( ) ( )( )( )( ) ( ) , 1 1 1 , 1 1 1L L U U
A B A BA x B x s g g g gα±β

⊗ ⊗
 ± = − − × − − − × −
 

  ;

2)	 ( ) ( )( ) ( ) ( )( )( )( ) ( ) , 1 1 1 , 1 1 1L L U U
A B A BA x B x s g g g gα×β

⊗ ⊗
 × = − − × − − − × −
 

  ;

3)	 ( )( ) ,[ , ]L U
k A Ak A x s g gα

⊗
= ;

4)	 ( )( ) ,[ , ]k

k
L U
A AA x s g gα⊗

  = 
 
 .

Definition 3: An IGLOWA operator of dimension n is a function IGLOWA: nΩ →Ω , 

which has associated a set of weights or weighting vector ( )1 2, , , nw = ω ω ω  with [0,  1]jω ∈
 
,

1
1

n

j
j=
ω =∑ , and is defined to aggregate a list of values ( ) ( ){ }1 2( ), , , nA x A x A x

⊗ ⊗ ⊗
  

  according to 

the following expression:

	

( ) ( ) ( )

( ) ( )
( )

1

1 2 ( )
1

( ) ( )
1 1

( ( ), , , )

, 1 1 ,1 1 ,n

j j
j

n

n j j
j

n n
L U

j j
j j

IGLOWA A x A x A x A x

s g g
τ

=

τ
⊗ ⊗ ⊗ ⊗=

τ τ
ω α = =

= ω =

 
  
 − − − − 
    

 
∑

∑

∏ ∏

   



	 (2)

where there is a permutation such that ( )( ) ( )( ) ( )( )1 2 nA x A x A xτ τ τ⊗ ⊗ ⊗
≥ ≥ ≥  

 , i.e., ( )( )jA xτ⊗
 the 

j th largest value in the set ( ) ( ){ }1 2( ), , , nA x A x A x
⊗ ⊗ ⊗
  

 .

Definition 4 (Liu, Zhang 2010): An IGLOWG operator of dimension n is a func-
tion IGLOWG: nΩ →Ω , which has associated a set of weights or weighting vector 

( )1 2, , , nw = ω ω ω  with [0,  1]jω ∈ ,
1

1
n

j
j=
ω =∑ , and is defined to aggregate a list of values

( ) ( ){ }1 2( ), , , nA x A x A x
⊗ ⊗ ⊗
  

  according to the following expression:

	

( ) ( ) ( )

( ) ( )
( )

1

1 2 ( )
1

( ) ( )
( ) 1 1

( ), , ,

, 1 1 , 1 1 ,

j

n
j

j
j

n

n j
j

n n
L U

j j
j j

IGLOWG A x A x A x A x

s g g
ω

τ
=

ω

τ
⊗ ⊗ ⊗ ⊗=

τ τ
α = =

   = =   
   

 
     
    − − − −           

 
∏

∏

∏ ∏

   



	 (3)

where there is a permutation such that ( )( ) ( )( ) ( )( )1 2 nA x A x A xτ τ τ⊗ ⊗ ⊗
≥ ≥ ≥  

 , i.e., ( )( )jA xτ⊗
  

the  j th largest value in the set ( ) ( ){ }1 2( ), , , nA x A x A x
⊗ ⊗ ⊗
  

 .
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2. The interval grey linguistic correlated ordered arithmetic aggregation (IGLCOA) 
operator and the interval grey linguistic correlated ordered geometric 
aggregation (IGLCOGA) operator

In multiple attribute decision making, the considered attributes usually have different levels of 
importance, and thus need to be assigned different weights. Some operators have been intro-
duced to aggregate the interval grey linguistic variables together with independent weighted 
elements, but they only consider the addition of the importance of individual elements. 
However, in some practical situations, the elements in the interval grey linguistic variables 
have some correlations with each other, and thus it is necessary to consider this issue. For 
real decision making problems, there is always some degree of inter-dependent characterist-
ics between attributes. Usually, there is an interaction among attributes of decision makers. 
However, this assumption is too strong to match decision behaviors in the real world. The 
independence axiom generally can not be satisfied. Thus, it is necessary to consider this issue.

Let ( )( )1,2, ,im x i n=  be the weight of the element ( )1,2, ,ix X i n∈ =  , where m is a 
fuzzy measure, defined as follows:

Definition 5 (Wang, Klir 1992): A fuzzy measure m on the set X is a set function 
( ):m xθ 0,1→     satisfying the following axioms:

1)	 ( ) 0m φ = , ( ) 1m X = ;

2)	 A B⊆  implies ( ) ( )m A m B≤ , for all ,A B X⊆ ;

3)	 ( ) ( ) ( ) ( ) ( )m A B m A m B m A m B= + +ρ , for all ,A B X⊆ and A B = φ , where
( )1,ρ∈ − ∞ .

Especially, if 0ρ = , then the condition (3) reduces to the axiom of additive measure:

	 ( ) ( ) ( )m A B m A m B= + , for all ,A B X⊆ and A B = φ .	 (4)

If all the elements in X are independent, and we have

	 ( ) { }( )
i

i
x A

m A m x
∈

= ∑ , for all A X⊆ .	 (5)

Based on Definition 5, in what follows we use the well-known Choquet integral 
(Choquet 1953) to develop an operator for aggregating the interval grey linguistic variables 
with correlative weights:

Definition 6: Let m be a fuzzy measure on X, and ( ) ( )( ),[ , ] 1,2, ,
j

L U
j j jA x s g g j nα

⊗
= =

  
be n interval grey linguistic variables, then we call

	

( ) ( ) ( ) ( ) ( )

( )( )( ) ( )( )( ) ( )( )
1 1 2

11

, , ,

,

n

n

j j jj

C A x dm IGLCOA A x A x A x

m B x m B x A x

⊗ ⊗ ⊗ ⊗

τ τ − τ⊗=

 = = 
 

 ⊕ − 
 

∫    



 	 (6)

the interval grey linguistic correlated ordered arithmetic averaging (IGLCOA) operator, where
( )1C Adm

⊗∫
 denotes the Choquet integral, ( ) ( ) ( )( )1 , 2 , , nτ τ τ is a permutation of ( )1,2, ,n
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such that ( )( ) ( )( ) ( )( )1 2 nA x A x A xτ τ τ⊗ ⊗ ⊗
≥ ≥ ≥  

 , ( )( ) ( ){ }, 1j kB x x k j kτ τ= ≤ ≥  and ( )( )0B xτ = φ . 

Whose aggregated value is also an interval grey linguistic variable (IGLV, for short).
Below, we discuss two special cases of the IGLCOA operator:
1)	 If 0ρ = , then ( ) ( ) ( )m B C m B m C= + and ( )( ) ( )( )( ) ( )( )( )1{ }j j jm x m B x m B xτ τ τ −= −

 
, 

1,2, ,j n=  . In this case, the IGLCOA operator (6) reduces to the interval grey linguistic 

weighted arithmetic averaging (IGLWAA) operator:

	

( ) ( ) ( ) ( ) ( )

( )
( ) ( )

1

1 2 1

{ } 1 1

, , , { }

, 1 1 ,1 1 .n

j j
j

n

n j jj

n n
L U
j j

m x j j

IGLWAA A x A x A x m x A x

s g g

=

⊗ ⊗ ⊗ ⊗=

α = =

  = ⊕ = 
 

 
  
 − − − − 
    

 
∑

∏ ∏

   



	 (7)

In particular, if 1({ })jm x
n

= for all 1,2, ,j n=  , then the IGLWAA operator (7) reduces 

to the interval grey linguistic arithmetic averaging (IGLAA) operator:

	

( ) ( ) ( )

( ) ( )
1

1 2

( ) ( )
1 1

, , ,

, 1 1 ,1 1 .n
j

j

n

n n
L U

j j
j jn

IGLAA A x A x A x

s g g

=

⊗ ⊗ ⊗

τ τα
= =

  = 
 

 
  
 − − − − 
   

 
∑

∏ ∏

  



	 (8)

2)	 If ( )
1

B

j
j

m B
=

= ω∑  for all B X⊆ , where B is the number of the elements in the set B, 

then ( )( )( ) ( )( )( )1j j jm B x m B xτ τ −ω = − , 1,2, ,j n=  , where ( )1 2, , , T
nω= ω ω ω , 0jω ≥ , 

1,2, ,j n=  , and 
1

1
n

j
j=
ω =∑ . In this case, the IGLCOA operator (6) reduces to the interval 

grey linguistic ordered weighted arithmetic averaging (IGLOWA) operator:

	

( ) ( ) ( ) ( )

( ) ( )
( )

1

1 2 ( )1

( ) ( )
1 1

, , ,

, 1 1 ,1 1 .n

j j
j

n

n j jj

n n
L U

j j
j j

IGLOWA A x A x A x A x

s g g
τ

=

τ
⊗ ⊗ ⊗ ⊗=

τ τ
ω α = =

  = ⊕ ω = 
 

 
  
 − − − − 
    

 
∑

∏ ∏

   



	 (9)

In particular, if ( ) B
m B

n
=  for all B X⊆ , then both the IGLCOA operator (6) and the 

IGLOWA operator (9) reduce to the IGLAA operator.
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Definition 7: Let m  be a fuzzy measure on X , and ( ) ( )( ),[ , ] 1,2, ,
j

L U
j j jA x s g g j nα

⊗
= =

  
be n  interval grey linguistic variables, then we call

	

( ) ( ) ( ) ( ) ( )

( )( ) ( )( ) ( )( )1

2 1 2

) (

1

, , ,

,
j j

n

m B x m B xn

jj

C A x dm IGLCOGA A x A x A x

A x
τ τ −

⊗ ⊗ ⊗ ⊗
 − 
 

τ⊗=

 = = 
 

 ⊗  
 

∫    



 	 (10)

the interval grey linguistic correlated ordered geometric averaging (IGLCOGA) operator, 

where ( ) ( )2C A x dm
⊗∫
 denotes the Choquet integral, ( ) ( ) ( )( )1 , 2 , , nτ τ τ is a permutation 

of ( )1,2, ,n such that ( )( ) ( )( ) ( )( )1 2 nA x A x A xτ τ τ⊗ ⊗ ⊗
≥ ≥ ≥  

 , ( )( ) ( ){ }, 1j kB x x k j kτ τ= ≤ ≥  and 

( )( )0B xτ = φ .

The IGLCOGA operator (10) can be transformed into the following form by induction 
on n:

	

( ) ( ) ( ) ( ) ( )

( ) ( )
( ) ( )

1
( )

1

2 1 2

( ) ( )
1 1( )

, , ,

, 1 1 ,1 1 .n m B m Bj j
j

j

n

n n
L U

j j
j j

C A x dm IGLCOGA A x A x A x

s g g   −   τ τ −   
τ

=

⊗ ⊗ ⊗ ⊗

τ τ
= =α

 = = 
 

 
  
  − − − −
    
 
∏

∫

∏ ∏

   



	 (11)

Whose aggregated value is also an interval grey linguistic variable (IGLV, for short).

Especially, if ( )( ) ( )( )( ) ( )( )( )1{ }j j jm x m B x m B xτ τ τ −= − , 1,2, ,j n=  , then IGLCOGA 

operator reduces to IGLWGA operator. If ( )
1

B

j
j

m B
=

= ω∑ , for all B X⊆ , where B is the 

number of the elements in the set B , then ( )( )( ) ( )( )( )1j j jm B x m B xτ τ −ω = − , 1,2, ,j n=  , 

where ( )1 2, , , T
nω= ω ω ω , 0jω ≥ , 1,2, ,j n=  , and

1
1

n

j
j=
ω =∑ . Then, IGLCOGA operator 

reduces to IGLOWGA operator.

3. The multiple attribute group decision making method based on the interval grey 
linguistic correlated ordered aggregation (IGLCOA) operator and the interval 
grey linguistic correlated ordered geometric aggregation (IGLCOGA) operator

In this section, we shall develop an approach to multiple attribute decision making with 
correlative weights and interval grey linguistic variables information as follows.

Let { }1 2, , , mA a a a=   be a discrete set of alternatives, { }1 2, , , nX x x x=  be the set of 

attributes and m  be a fuzzy measure on X , where { }( )10 , , 1jm x x≤ ≤ , { }( ) 1m X =  and 
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{ }( ) 0m φ = . Supposed that ( ) ( ),[ , ]
ij

i

L U
j ij ij

a
A x s g gα
⊗

=  is the attribute value in the attribute 

set jx  with respect to the alternative ia  which given by experts and ( )
i

j
a m n

R A x
⊗

×

 
=  
 
 is 

the decision making matrix.
In the following, we apply the IGLCOA operator and the IGLCOGA operator to multiple 

attribute decision making with correlative weights, which attribute values are given in terms 
of interval grey linguistic variables information.

Step 1. We rearrange the interval grey linguistic variables corresponding to each project 
in descending order by using the method presented in Section 1.

	
( ) ( )( )1

0
( ( )) U L U

A A A
d y

Q A x g y g g dy
dy⊗

ρ
= α−α× + −∫ .	 (12)

Step 2. With the IGLCOA operator (6) or the IGLCOGA operator (10), we calculate the 
overall evaluation information corresponding to each project.

	

( ) ( ) ( )

( )( )( ) ( )( )( ) ( )

1 2

11

, , ,

, 1,2, , ;

i i i

i

i n
a a a

n

jj jj a

z IGLCOA A x A x A x

m B x m B x A x i m

⊗ ⊗ ⊗

τ τ − ⊗=

 
= = 

 
 ⊕ − = 
 

  





 	 (13)

	

( ) ( ) ( )

( )
( )( ) ( )( )

 
1

1 2

1

, , ,

, 1,2, , .

i i i

j j

i

i n
a a a

m B x m B xn

jj a

z IGLCOGA A x A x A x

A x i m
τ τ −

⊗ ⊗ ⊗

   −   
   

⊗=

 
= = 

 

 
⊗ = 
 

  





 	 (14)

Step 3. We rank the above interval grey linguistic variables by using the method presented 
in Section 1. T﻿he ranking of the alternatives can be gained and the best one can be find out.

4. Practical example

A practical use of the proposed approach involves evaluating the technological innovation 
ability of the six enterprises{ }1 2 3 4 5 6, , , , ,a a a a a a , the attributes is shown as follows: the abil-
ity of innovative resources input ( )1x ; the ability of innovation tendency ( )2x ; the ability 
of innovation management ( )3x . Based on the three attributes, the attribute values given 
by the experts take the form of the interval grey linguistic variables, shown in Tables 1. Let 

( )0 1 2 3 4 5 6, , , , , ,S s s s s s s s=  be the linguistic label and the attribute weight be correlative, which 
is given as follows (Herrera, Herrera-Viedma 2000): ( )0 1 2 3 4 5 6, , , , , ,S s s s s s s s= = {very poor, 
poor, slightly poor, fair, slightly good, good, very good}. The problem is ranking the six en-
terprises based on their technological innovation ability. The evaluation steps used in this 
paper are proposed as follows:
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Table 1. T﻿he attribute values of each attribute with respect to six enterprises given by experts

Enterprises Attribute ( )1x Attribute ( )2x Attribute ( )3x

1a ( )5 , 0.2,0.3s    ( )2 , 0.4,0.4s    ( )5 , 0.5,0.5s   

2a ( )4 , 0.4,0.4s    ( )5 , 0.4,0.5s    ( )3, 0.1,0.2s   

3a ( )3, 0.2,0.3s    ( )4 , 0.2,0.3s    ( )4 , 0.3,0.3s   

4a ( )6 , 0.5,0.6s    ( )2 , 0.2,0.2s    ( )3, 0.2,0.4s   

5a ( )4 , 0.1,0.3s    ( )3, 0.2,0.3s    ( )3, 0.2,0.2s   

6a ( )5 , 0.4,0.5s    ( )3, 0.3,0.4s    ( )4 , 0.2,0.4s   

The experts evaluate the enterprises ( ) 1,2,3,4,5,6ia i = in relation to the factors
( 1,2,3)jx j = , and give more importance to 1x  and 2x  than to 3x , but, on the other hand, 

the experts give some advantage to the enterprises that are good both in 3x and in either of 
1x  and 2x . Let

	
( ) ( ) { }( ) { }( ) { }( )
{ }( ) { }( ) { }( ) { }( )

1 2 3 1 2

3 1 2 1 3 2 3

0, , , 1, 0.4,

0.3, , 0.6, , , 0.8

m m X m x x x m x m x

m x m x x m x x m x x

φ = = = = =

= = = =

Step 1. We rearrange the interval grey linguistic variables corresponding to each project 
in descending order, by using the method presented in Section 1. Supposed that the basic 
unit-interval monotonic (BUM) function is 2( )y yρ = , and then the ordering value can be get.

	

( ) ( ) ( )

( ) ( ) ( )

( ) ( ) ( )

1 1 1

3 3 3

1 3.833 2 1.200 3 2.500

1 2.400 2 2.833 3 2.600
2 2 2

1 2.300 2 3.067 3

;  ;  ;  

;  ;  ;  

;  ;  

a a a

a a a

a a a

Q A x s Q A x s Q A x s

Q A x s Q A x s Q A x s

Q A x s Q A x s Q A x s

⊗ ⊗ ⊗

⊗ ⊗ ⊗

⊗ ⊗ ⊗

     
= = =     

     
     = = =     
     
     

= = =     
     

  

  

  

( ) ( ) ( )

( ) ( ) ( )

( ) ( ) ( )

4 4 4

5 5 5

6 6 6

2.800

1 2.800 2 1.600 3 2.200

1 3.333 2 2.300 3 2.400

1 2.833 2 2.000 3

;  

;  ;  ;  

;  ;  ;  

;  ;  

a a a

a a a

a a a

Q A x s Q A x s Q A x s

Q A x s Q A x s Q A x s

Q A x s Q A x s Q A x

⊗ ⊗ ⊗

⊗ ⊗ ⊗

⊗ ⊗ ⊗

     
= = =     

     
     

= = =     
     
    

= =   
   

  

  

  

2.933.s

= 

 

Step 2. With the IGLCOA operator (13), we calculate the overall evaluation inform-

ation corresponding to each project. Where ( ) ( ) ( )
1 1 1

1 3 2
a a a

Q A x Q A x Q A x
⊗ ⊗ ⊗

     
≥ ≥     

     
    , 

t h e n ( )( ) ( )
1 1

11
a a

A x A xτ⊗ ⊗
=  ,  ( )( ) ( )

1 1
32

a a
A x A xτ⊗ ⊗

=  ,  ( )( ) ( )
1 1

23
a a

A x A xτ⊗ ⊗
=  .  We  h a v e 

( )( )( ) { }( )11 0.4m B x m xτ = =
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	 ( )( )( ) { }( )1 32 , 0.8m B x m x xτ = = , ( )( )( ) { }( )1 2 33 , , 1m B x m x x xτ = = .

	

( ) ( ) ( )

( )( )( ) ( )( )( ) ( ) ( )
1 1 1

1

1 1 2 3

3

4.411

, ,

, 0.76,0.79 .

a a a

jj jj a

z IGLCOA A x A x A x

m B x m B x A x s

⊗ ⊗ ⊗

τ τ − ⊗=

 
= = 

 
 ⊕ − =      

  



We can also use the same method to obtain the other overall preference values iz  of the 
alternatives ( )1,2, ,6ia i =  .

	 ( ) ( ) ( )
( ) ( ) ( )

1 4.4 2 4 3 3.8

4 4 5 3.4 6 4.3

, 0.76,0.79 ;  , 0.676,0.760 ;  , 0.552,0.657 ;

, 0.68,0.808 ;  , 0.424,0.608 ;  , 0.664,0.82 .

z s z s z s

z s z s z s

= = =          
= = =          

Step 3. We rank the above interval grey linguistic variables by using the method presented 
in Section 1:

	
( ) ( ) ( )
( ) ( ) ( )

1 1.0120 2 1.1840 3 1.5694

4 1.1093 5 1.7499 6 1.2212

; ; ;

; ; .

Q z s Q z s Q z s

Q z s Q z s Q z s

= = =

= = =

The ranking of the alternatives can be gained: 5 3 6 2 4 1z z z z z z     , 5a is the best 
one.

If we use the IGLCOGA operator (14) to calculate the overall evaluation information 
corresponding to each enterprise, then

	

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

1 1 1

2 2 2

3 3 3

1 1 2 3 4.163

2 1 2 3 3.898

3 1 2 3 3.776

4

 , , , 0.76,0.79 ;

, , , 0.676,0.76 ;

, , , 0.552,0.657 ;

a a a

a a a

a a a

z IGLCOGA A x A x A x s

z IGLCOGA A x A x A x s

z IGLCOGA A x A x A x s

z IGLCOGA A

⊗ ⊗ ⊗

⊗ ⊗ ⊗

⊗ ⊗ ⊗

⊗

 
= =     

 
 

= =     
 
 

= =     
 

=

  

  

  

 ( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

4 4 4

5 5 5

6 6 6

1 2 3 3.650

5 1 2 3 3.366

6 1 2 3 4.122

, , , 0.68,0.808 ;

, , , 0.424,0.608 ;

, , , 0.664,0.82 .

a a a

a a a

a a a

x A x A x s

z IGLCOGA A x A x A x s

z IGLCOGA A x A x A x s

⊗ ⊗

⊗ ⊗ ⊗

⊗ ⊗ ⊗

 
=     

 
 

= =     
 
 

= =     
 

 

  

  

And we rank those interval grey linguistic variables by using the method presented in 
Section 1:

	 ( ) ( ) ( )
( ) ( ) ( )

1 0.9574 2 1.1538 3 1.5596

4 1.0123 5 1.7323 6 1.1991

;  ;  ;

;  ;  .

Q z s Q z s Q z s

Q z s Q z s Q z s

= = =

= = =
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The ranking of the alternatives can be gained: 5 3 6 2 4 1z z z z z z     , 5a is the best one.
Which indicates that the IGLCOA operator and the IGLCOGA operator produce the 

same ranking results, the best project is 5a  in both methods.
According the comparison method in Section 2, we can get the order of alternatives in 

Table 2. As we can see, the order of alternatives is slightly different as δ  increases, which 
results in the indeterminacy of the final decision, because the different parameter δ  would 
cause the different weights of numbers in the grey part. It is very reasonable that δ can be 
considered as the decision makers’ risk preference similar to the parameter defined by Yager 
(2004a, b). As a result, the investor can properly select the desirable alternative in accordance 
with his/her interest and the actual needs.

Table 2. Ordering of the alternatives

Ordering
(Using the IGLCOA operator)

Ordering
(Using IGLCOGA operator)

0.1δ = 5 3 2 1 6 4z z z z z z     5 3 2 1 4 6z z z z z z    

1δ = 5 3 2 6 1 4z z z z z z     5 3 2 6 1 4z z z z z z    

5δ = 5 3 2 6 4 1z z z z z z     5 3 2 6 4 1z z z z z z    

10δ = 5 3 2 6 4 1z z z z z z     5 3 2 6 4 1z z z z z z    

50δ = 5 3 2 6 4 1z z z z z z     5 3 2 6 4 1z z z z z z    

Conclusions

In this paper, we have developed the interval grey linguistic variables ordered weighted 
aggregation (IGLOWA) operator, and then use the Choquet integral to propose the interval 
grey linguistic correlated ordered arithmetic aggregation (IGLCOA) operator and the inter-
val grey linguistic correlated ordered geometric aggregation (IGLCOGA) operator, which 
are used to discuss the correlative interval grey linguistic variables. Furthermore, we also 
analyze the relation between it and some known operators and have developed an approach 
to multiple attribute decision making with correlative weights which the attribute values are 
given in terms of interval grey linguistic variables information based on the interval grey 
linguistic correlated ordered arithmetic aggregation (IGLCOA) operator and the interval 
grey linguistic correlated ordered geometric aggregation (IGLCOGA) operator. Finally an 
illustrative example has been given to show the developed method. The applications of the 
operator in many actual fields, such as decision making, pattern recognition and clustering 
analysis, are open questions for future research.
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